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Zusammenfassung 
 

Beträchtliches Bemühen wird zur Zeit in der Forschungsgemeinde für das Entwickeln von 

fluidtechnischen Systemen aufgewendet, die kleiner als ein Millimeter sind (mikrofluidische 

Systeme).  Dabei werden nicht nur bestehende Systeme üblicher Abmessungen bei gleicher 

Funktionsweise verkleinert, sondern auch gezielt physikalische Phänomene ausgenutzt, die 

nur in Systemen kleinster Abmessungen Auswirkungen haben.  Von besonderer Bedeutung 

sind dabei die durch das grosse Oberflächen- zu Volumenverhältnis dominierenden 

oberflächenspezifischen Erscheinungen.  Mikrofluidische Systeme beinhalten, neben ihren 

technischen Anwendungsmöglichkeiten, eine Vielzahl von grundlegenden wissenschaftlichen 

Herausforderungen, da sie sowohl durch Kontinuum-Effekte als auch durch Phänomene, die 

sich nur durch eine molekulare Betrachung erschliessen, bestimmt werden.  Dies hat 

Auswirkung insbesondere für die Modellierung solcher Systeme: Kontinuum-Modelle alleine 

versagen in der vollständigen Vorhersage, wogegen diskrete Modelle auf molekularer Ebene 

hochgradig ineffizient arbeiten.  Hybride Ansätze sind daher nötig, vorteilhafterweise in Form 

von Erweiterungen des klassischen aber effizienten Kontinuum-Ansatzes. 

 In diesem Zusammenhang wird die thermokapillare Konvektion in 

achsensymmetrischen, technisch relevanten Mikro-Strömungen mit freier Oberfläche 

untersucht.  Ein laboreigener Finite-Elemente-Gleichungslöser der Navier-Stokes-

Gleichungen und Energiegleichung in Lagrangschen Koordinaten wird erweitert, um eine 

temperaturabhängige Oberflächenspannung und eine physikalisch akkurate Modellierung der 

Kontaklinienbewegung (Benetzen) zu berücksichtigen.  Das bereits implementierte 

Verfestigungsmodel wird durch den teilweisen Phasenübergang der Flüssigkeit an der freien 

Oberfläche in den gasförmigen Zustand ergänzt.  Der Aufprall und die Erstarrung von 

mikrometer-grossen Lötzinntropfen für die Flip-Chip-Industrie, die durch Thermokapillarität 

verursachte Trennung von Kapillarbrücken als auch das quasi-isothermische Drucken und das 

Laser-induzierte Heizen von kolloiden Nanopartikel-Suspensionen (‚Nanotinten’) werden 

untersucht.  Im letzteren Fall wird die trägheitsdominierte Bewegung der suspendierten 

Partikel modelliert.  Ein kontinuierliches, monodispersives Partikelmodell quantifiziert 

zusätzlich die Partikelkoagulation.  Die Simulationen werden wo möglich mit Experimenten 

verglichen. 

 Es wird gezeigt, dass die Marangoni-Konvektion durch eine ungleichmässige 

Verdampfung bei Umgebungsbedingungen vernachlässigbar ist, nicht so aber bei allen nicht 
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quasi-isothermen Untersuchungen.  Die Marangoni-Konvektion unterstützt im Fall des 

Löttropfenaufpralls die Reduzierung des Tropfen-Fussabdruckes auf dem Substrat durch 

Entnetzungseffekte.  Im Gegensatz dazu führt sie in der Nanotinten-Anwendung zu einer 

ungewünschten Verschiebung der Tinte von der Tropfenmitte zum Tropfenumfang, was eine 

charakteristische ’Schüssel’-Form der geformten Partikelstruktur zur Folge hat.  Das diskrete 

Partikelmodell veranschaulicht Partikelstrukturierungseffekte in Substratnähe.  Das 

Koagulationsmodell legt die Verwendung einer Laserlicht-Absorptionstiefe in der 

Grössenordnung der Tropfenhöhe nahe, um möglichst gleichmässige agglomerierte 

Partikelstrukturen zu gewährleisten.  Letzteres ist vom besonderen Interesse bei der 

Herstellung von elektrisch leitenden Strukturen.  Zusätzlich wird ein Modell entwickelt, das 

die zeitliche Entwicklung einer Dampfblase um ein einzelnes, durch 

Laserstrahlungsabsorption geheiztes Nanopartikel beschreibt.  Es dient zur Aussage, ob die 

Partikelkoagulation primär in der gasförmigen oder in der flüssigen Phase stattfindet. 

 Neben diesen wissenschaftlichen Erkenntnissen werden mehrere technische und 

numerische Aspekte gelöst.  Darunter fällt insbesondere die Implementierung einer frei 

zugänglichen Vernetzungsroutine anstelle des vorher verwendeten kommerziellen Programms.  

Diese Umstellung ermöglicht nicht nur die Portabilität auf andere Computerplattformen, 

sondern auch die Verwendung von lokal anpassbaren Netzdichten, was wiederum zugunsten 

einer möglichst kurzen aber genauen Berechnung führt. 

 Die vorliegende Arbeit demonstriert auf neuartige Weise die technische Vielseitigkeit 

von thermokapillaren Strömungen in mikrofluidischen Systemen.  Sie arbeitet neue 

physikalische Aspekte heraus, insbesondere im Hinblick auf die Wechselwirkung zwischen 

Marangoni-Strömungen mit Be- bzw. Entnetzungseffekten.  Die vielversprechensten 

Erweiterungen des Kontinuumsansatzes zur Erfassung der durch die Gibbs-Energie 

getriebenen Ausbreitung der Kontaktlinie werden betont.  Die Bewegungsmodellierung von 

diskreten Partikel in Flüssigkeiten mit sich frei bewegenden Oberflächen ist trotz der grossen 

technischen Relevanz einer der ersten Bearbeitungen derartiger Problemstellungen.  Ein in der 

Fachliteratur erhältliches und primär für Aerosole entwickeltes monodispersives 

Partikelkoagulationsmodell wird auf neuartige Weise mit dem Mikrofluidik-Model 

kombiniert.  Dieses bietet eine fundierte und effiziente Basis für zukünftige, weitergehende 

Studien. 
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Summary 
 

Increasing effort of the scientific community is devoted to downsize technical units involving 

fluids to ranges between sub-millimeter and nano-meter scales.  This is not only due to the 

interest in system miniaturization but also to novel working principles hidden in the 

dominance of surface-related physical phenomena which are negligible in larger, volume-

controlled systems.  Microfluidic systems inherit, next to their technical opportunities, 

fundamental scientific challenges since they incorporate both, phenomena which derive from 

continuum effects and phenomena which are accessible through a molecular view point only.  

This has certain implications om the modeling of these systems: models solely based on the 

continuum approach fail to predict the system behavior, whereas models working on the 

molecular scale are highly inefficient.  Hybrid modeling approaches are therefore required, 

usually in form of modifications and extensions of the continuum approach. 

In this context, the significance of thermocapillary convection induced in 

axisymmetric micro-flows of technical relevance is investigated herein.  An in-house state-of-

the-art Finite Element solver of the Navier-Stokes equations and energy equation in 

Lagrangian coordinates is extended to incorporate a temperature-dependent surface tension 

and to accurately model the motion of the contact line (i.e. wetting).  The already embedded 

solidification model is supplemented for evaporative phase change.  The model is applied to 

the deposition and solidification of micron-sized solder droplets used in the flip-chip industry, 

to the thermocapillarity-induced rupture of capillary bridges as well as to the quasi-isothermal 

printing and laser-induced heating of colloidal nanoparticle suspension liquids (‘nanoinks’).  

The microfluidic model is extended in the latter case to track the inertia-controlled motion of 

suspended particles next to a monodispersed particle coagulation model.  The numerical 

simulations are compared where possible with experiments. 

It is demonstrated that Marangoni convection through an uneven evaporation at 

ambient conditions is negligible, whereas all non-quasi-isothermal investigations show a non-

negligible influence of the thermocapillary force.  It adds in case of the solder drop deposition 

to the effort in reducing the footprint size through thermocapillarity-driven dewetting effects.  

In the contrary, it causes in the nanoink application an undesired displacement of the ink from 

the center region radially outwards, causing a characteristic bowl shape of the particle 

structure formed.  The inertia-controlled particle model reveals particle structuring effects in 

vicinity of the substrate whereas the coagulation model suggests using a laser light absorption 
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depth in the order of the droplet height to ensure a uniformly agglomerated particle structure.  

The latter is of particular importance for electrically conducting structures.  The study on 

particle coagulation in nanoinks is supplemented by a vapor bubble model around a single 

nanoparticle heated by laser light absorption.  This model is intended to decide whether 

particle coagulation proceeds primarily in the gas or the liquid phase. 

Several technical and numerical issues were resolved next to the scientific insight 

during the development of this thesis.  Among those, the implementation of a public domain 

meshing routine in the fluid solver instead of the previously utilized commercial meshing 

program is the most extensive one.  It improves the portability of the program with respect to 

different computational platforms as well as the local mesh resolution and the computational 

time. 

The present study demonstrates in an original fashion the technical versatility of 

thermocapillary flow in microfluidic systems.  It points out new physical aspects, in particular 

in the interaction of Marangoni flow with wetting/de-wetting effects.  It highlights the most 

promising extensions of the continuum model to account for Gibbs free energy driven 

spreading at the contact line.  In addition, it describes the tracking of discrete particles 

suspended in liquid domains with arbitrarily moving boundaries.  Despite the technical 

relevance of particle suspension liquids with a free surface, the present thesis is one of the 

first modeling attempts of this kind of problems.  A monodispersed particle coagulation 

model available from the literature and primarily derived for aerosols is modified to the 

present problem and combined in a unique fashion with the free surface microfluidic model, 

offering a profound and efficient tool for future studies. 
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Nomenclature 
 

Latin letters 

Notation Description Units Page/Equation 
A  Surface area [m2] 22/2.32 

pa  Particle surface area [-] 122/6.11 
c Particle concentration [-] 9/1.3 

acmc  Artificial speed of sound [m s-1] 16/2.5 

bc  Fluctuation speed [-] 121/6.8 

lc  Liquid heat capacity [J kg-1 K-1] 16/2.4 

0d Droplet diameter [m] 17/2.7 

diffD Diffusion coefficient [-] 121/6.6 

fD  Fractal dimension [-] 122/6.10 

pd  Particle diameter [m] 10/1.4 

Re  Unity vector in R-direction [-] 28/2.62 

ze  Unity vector in z-direction [-] 18/2.17 

YFWF∆  Uncompensated Young force [N m-1] 29/2.63 
g Gravity [m s-2] 16/2.3 

fgh  Latent heat [J kg-1] 95/5.18 

H  Curvature [-] 24/2.47 

aH  Hamaker constant [J] 80/5.7 

dcH  Droplet center height [-] 91/5.15 
I ′′  Laser intensity [W m-2] 111/6.2 
k Thermal conductivity [W m-1 K-1] 95/5.18 

Bk  Boltzmann constant [J K-1] 22/2.28 
L  Characteristic length [m] 2/1.1 

MFPl  Mean free path [m] 2/1.1 
m Mass [kg] 65/4.9 
m′′  Mass flow density [kg m-2s-1] 79/5.3 
n Absorption site number [-] 29/2.65 

sn  Surface normal vector [-] 20/2.25 

pN  Number concentration [-] 121/6.3 
p, P Pressure [Pa], [-] 17/2.10 
r, R Radial coordinate [m], [-] 17/2.7 

collr  Collision radius [-] 121/6.7 
s, S Arc length [m], [-] 24/2.47 
t  Time [s] 17/2.9 
t  Tangential vector [-] 47/3.16 
T Temperature [K] 16/2.4 
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u, U Radial velocity [m s-1], [-] 17/2.8 

CLU  Contact line velocity [-] 28/2.61 
v, V Axial velocity [m s-1], [-] 17/2.8 

pv  Particle volume [-] 122/6.12 
w  Particle velocity [m s-1] 10/1.4 
W  Particle velocity [-] 80/5.7 
z, Z Axial coordinate [m], [-] 17/2.7 
 

Dimensionless numbers 

Notation Description Units Page/Equation 

MB  Spalding coefficient [-] 79/5.4 
Fr  Froude number [-] 17/2.14 
Kn  Knudsen number [-] 2/1.1 
LHP  Laser heat parameter [-] 111/6.2 
M  Mach number [-] 17/2.13 

TMa  Marangoni number [-] 26/2.55 
Pe  Peclet number [-] 17/2.15 
Pr  Prandtl number [-] 17/2.15 
Re  Reynolds number [-] 3/1.2 
Sc  Schmidt number [-] 79/5.3 
Sh  Sherwood number [-] 79/5.5 
SHP  Superheat parameter [-] 42/3.11 
Stk  Stokes number [-] 80/5.9 
We  Weber number [-] 24/2.46 
 

Greek letters 

Notation Description Units Page/Equation 
α  Thermal diffusivity [m2 s-1] 17/2.15 
β  Collision kernel [-] 121/6.4 
ε Collision efficiency [-] 121/6.3 

htcε Heat transfer coefficient [Jm-1 K-1] 59/4.5 

slipε Slip coefficient [-] 28/2.62 

YFWε Young force coefficient [-] 29/2.64 

iφ Shape function [-] 18/2.21 
γ  Surface tension [N m-1] 22/2.30 
γ  Shear rate [-] 47/3.16 
η Dynamic viscosity [kg m-1 s-1] 9/1.3 

0
wκ  Displacement frequency [s-1] 29/2.65 

λ  Thermal conductivity [m] 16/2.4 
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dplλ  Displacement length [m] 29/2.65 

iµ  Chemical potential of phase i [J mol-1] 22/2.33 
Π  Pressure tensor [Pa] 21/2.26 
Θ  Temperature [-] 17/2.11 
θ  Dynamic contact angle [rad, °] 29/2.61 

sθ  Static contact angle [rad, °] 29/2.61 
ϑ  Temperature [°C] 58/Fig. 4.3 
ρ  Density [kg m-3] 16/2.1 
σ  Shear stress component [-] 18/2.19 
τ  Dimensionless time [-] 17/2.9 
ω  Vorticity [-] 44/3.12 
 

Sub- and superscripts 

Notation Description  
0 Initial  
1 Droplet  
2 Substrate  
abs Absorption  
adv Advancing  
amb Ambient  
b Bulk phase  
c Center  
C Critical conditions  
CL Contact line  
diff Diffusion  
g Gas phase  
l Liquid phase  
max Maximal  
p Particle phase  
ps Particle sinter  
rec Receding  
s Surface  
tot Total  
v Vapor phase  
YFW Young force wetting  
z Axial direction  
θ  Azimuthal direction  
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Mathematical operators 

Notation Description  
Dϕ  Lagrangian derivative towards ϕ ,  t ,ϕ τ=  
dϕ  Ordinary derivative towards ϕ ,  t , ,s,Tϕ τ=  

ϕ∂  Partial derivative towards ϕ ,  R,Z ,n,tϕ =  
∇  Nabla Operator  
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1. Introduction 

 

1.1. From macro- to nano- but still multi-scaled problems 

 
Fifteen to twenty years ago, typical problems tackled by engineers were in the size order of 

meters, exhibiting characteristic times (i.e. the time in which characteristic parameters 

change) of  to seconds, Figure 1.1. 
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Figure 1.1 Length and time scale of conventional engineering systems, MEMS and the 
relation to other known processes.  Modified from [1]. 

 

The wide-spread use of novel manufacturing technologies, in particular photo-lithography, in 

combination with novel observation instruments such as Scanning Electron Microscope 

(SEM) and Atomic Force Microscope (AFM) brought up devices with features sizes of 610−  

to meters.  These devices are commonly labeled as Micro-Electro-Mechanical-Systems 

(MEMS).  The most distinct difference between MEMS and conventional engineering 

systems is an elevated surface-to-volume (S/V) ratio, which implies an increasing influence of 

interfacial effects.  The increased S/V-ratio allows for the introduction of both, new working 

310−
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principals (for existing functions of macroscopic parent devices) and of novel functions as 

well.  If the particular MEMS invokes in addition some sort of working fluid (turning the 

MEMS into a micro-fluidic device), the former difference is added by an increased Knudsen 

number 

 MFPlKn
L

=  (1.1)

as the ratio between the mean free path length (the average length a molecules travels before 

it collides with another molecule) MFPl  and the characteristic device length .  The increased 

Knudsen number has more an implication on the modeling approach.  The larger the 

Knudsen-number is, the more the validity of a continuum approach deteriorates (as the 

discrete nature of the molecules becomes more important).  Figure 1.2 quantifies the different 

regimes (continuum, slip, transition and free molecular) with respect to the Knudsen number. 

L

 

 
 

Figure 1.2 Correlation of Knudsen number to flow regime.  Adopted from [2]. 

 

Strictly speaking, the concept of the Knudsen number in its original form is only valid for 

gases, since the molecules of liquids are essentially always in a collision state, [3].  Defining 

MFPl  as the average intermolecular distance extends the concept (from its rudimentary 

meaning) also for liquids. 

 Conventional MEMS function as actuators [4], micro-engines [5] or sensors, whereas 

typical micro-fluidic devices act as pumps [6, 7], mixers [8] or heaters.  Gathering several 

micro-fluidic functions on one device leads to integrated micro-fluidic devices [9], which can 

be additionally combined with biological analysis units to resemble miniaturized total analyse 

systems (µTAS) [10] or more generally to lab-on-chip systems [11]. 

 Roughly, two groups of micro-pumps can be identified: the first group contains the 

‘reciprocating micropumps’, where the oscillatory motion of mechanical parts such as thin 
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membranes (diaphragms) is used to transport the fluid.  ‘Continuous flow micropumps’ form 

the second group, where non-mechanical or mechanical energy is directly transferred into 

continuous flow motion, [12].  Thermal or piezo-actuated drop-on-demand (DOD) ink-jet 

heads belong to this group as well as devices which take advantage of the large S/V-ratio and 

the significant influence of interfacial effects (capillarity and wetting).  In the latter, the 

working fluid can be transported by a controlled modulation of surface stresses, as 

summarized in [13].  A simple example is the propulsion of a model boat achieved by a local 

surfactant-induced decrease of the surrounding water surface tension, Figure 1.3. 

 

 
 

Figure 1.3 A floating boat (length 2.5cm) contains a small volume of soap which exits at 
the rear of the boat decreasing the local surface tension (surfactant-induced 
Marangoni effect).  The resulting fore-to-aft surface tension gradient propels 
the boat forward.  The visible white streak stems from the covering of the water 
surface with Thymol blue, in combination with the presence of soap; Courtesy 
of John Bush, MIT. 

 

Mixing of different fluids is a non-trivial issue within micro-fluidic systems. Besides the 

effect of interfaces, the large S/V-ratio leads to an elevated degree of dissipation, and thus the 

Reynolds-number, 

 0v LRe ρ
η

=  (1.2)

the ratio between inertia and dissipation, is typically small ( ).  In equation (1.2) 1∼ ρ  is the 

fluid density,  is a characteristic velocity and 0v η  is the dynamic viscosity of the fluid.  A 

small Reynolds-number implies a laminar (creeping) flow, thus crossing out turbulence as a 

mixture mechanism.  Mixing in micro-fluidic devices is therefore commonly driven by 

gradients in the chemical potential, leading to diffusive transport. 
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 The innovative MEMS technology initiated a trend in the engineering community to 

deal with problems which require the fundamental knowledge of molecular interaction as well 

as interdisciplinary approaches.  This trend is continued in the ever increasing interest in 

nanotechnology, most prominently represented by research on carbon nano-tubes (CNT), [14, 

15], and all kinds of nano-particles (the term ‘nano’ refers to the diameter of these particles 

which is in the order of ).  The reason for this trend can be traced back again to the 

large S/V-ratio.  Nano-particles exhibit markedly different thermophysical and optical 

properties from their bulk counterpart.  Of special interest is herein the significant reduction 

of the melting temperature with decreased particle diameter, [16].  However, the handling of 

these ultra-fine particles (UFP) in a deterministic fashion is difficult.  Researchers have 

attempted the deposition of single particles on flat surfaces with an AFM tip, [17, 18], or on 

electrically pre-patterned surfaces directly from the gas phase, [19].  A more accessible 

method as more related to typical engineering length scales and devices is the transport of 

nano-particles through suspension into liquids.  In contrast to the regular writing ink which is 

an everyday commodity, a ‘nano-ink’ is a colloidal particle suspension in liquids that shows 

complex rheology and altered thermodynamic properties compared to the plain carrier liquid.  

Nano-inks exhibit either shear-thinning (i.e. decreased viscosity with increasing shear-rate) or 

shear-thickening behavior, depending on the particle concentration as well as on the kind 

(steric or electro-static) and strength of particle stabilization that is used to prevent 

coagulation.  Nano-fluids have in addition increased thermal conductivity, [20], which can be 

explained for crystalline solids by ballistic instead of diffusive heat transport, [21].  Besides 

the creation of liquids with adjustable properties, the combination of a carrier liquid with 

nano-particles harbors new technical applications.  It can ease the particle sorting according to 

size by means of the optical particle properties as shown in [22] and it allows for the 

realization of the ever-desired flexible, semi-stable displays (‘e-paper’), [23].  In the 

applications cited so far, the carrier liquid is considered as a bulk, infinite phase.  However, 

the controlled interaction between the nano-particles with the liquid surface is of great 

scientific interest, [24-26].  The free energy minimization principle dictates for certain 

gas/liquid/particle or liquid/liquid/particle combination the particle accumulation and ordering 

at the interface.  This can lead to adjustable wetting behavior of liquids on solids, [27] or to 

liquid/liquid de-wetting through the structural disjoining pressure, [28].  Moreover, it can 

realize the often targeted self-assembled particle monolayer, [29] and [30].  These mono-

layers promise to be the most material-efficient ways to produce two-dimensional structures, 

[31].  The latter citation indirectly points out a crucial short-coming of nano-inks, if the solid 

910 m−
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particle is the only phase which should remain at the end: the separation process.  [31] solved 

this problem in an elegant manner, since the particles assemble at the liquid free surface and 

just need to be picked up by a patterned stamp.  The majority of researchers use the 

combination of volatile carrier liquids with heat to separate the particles again from the liquid.  

The presence of a three-phase line with a sufficiently small but finite contact angle leads 

hereby to an annular particle arrangement, [32-34], which explains also the formation of 

common coffee stains: [35] have identified the mechanism leading to ring formation during 

the drying of coffee drops as shown in Figure 1.4. 

 

 
 

Figure 1.4 Particle transport in a drying coffee drop [35]. 

 

The receding contact wedge during evaporation can be technically used to coat substrates with 

a nano-particle monolayer without relying on the material intensive dip-coating technology 

[36].  Although the majority of researchers deal with nano-fluids of almost mono-dispersed 

and spherical nano-particle content, liquids suspending irregular shaped and poly-dispersed 

nano-sized particles or carbon nano-tubes (CNT) receive increasing attention as well, [37, 38]. 

The controlled deposition and successive heating of nano-inks containing metal 

particles has led to innovative manufacturing methods for electrical conducting structures.  

The methods require controlling free surface micro-fluidics, thermocapillarity, wetting and 

evaporation under the influence of an external heat source for the liquid phase as well as 

particle motion, coagulation and coalescence for the dispersed solid phase.  It is therefore 

technically challenging to use such interweaved effects in a deterministic fashion, especially 

when considering multi-phase/multi-scaled processes which are not yet fully understood 

(wetting, coagulation, heat transport in nano-fluids).  Although copper has a lower specific 

electrical resistance than gold (  to 917 1 10. m−⋅ Ω ⋅ 920 1 10. − m⋅ Ω ⋅ , source from the web), gold 

particles are usually employed to construct electrical conducting structures, since copper 

oxidizes quickly under regular atmospheres.  Toluene and α -terpineol are the most common 
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carrier-liquids in case of gold particles, in particular if high particle concentrations are 

required.  An example of a gold conductor line constructed out of nano-particles is shown in 

Figure 1.5. 

 

  
 

Figure 1.5 Printed gold conductor and cross sectional shape analyzed with a Scanning 
Near field Optical Microscope (SNOM); Courtesy of Nicole Bieri, ETH Zurich. 

 

There exist various ways to manufacture these structures, all based on the utilization of nano-

inks.  Thus for instance, [39] printed the nano-ink line with a DOD ink jet device, whereby an 

oven was used to evaporate the carrier liquid and cure the nano-particles.  [40] used a 

localized heating through a laser beam to heat the nano-ink (further experimental details can 

be found in [41]).  Recently, [42] used the fountain-pen principle instead of the DOD-method 

to deposit the nano-ink, which led to a reduction in conductor width and completed the 

analogy to the regular ink writing technique. 

 Some studies go beyond the approach of printing or writing nano-ink involving the 

manufacture of technically useful miniaturized structures.  They rather aim on the printing of 

both, form and function.  Along these lines, [43] produced MEMS-components through 

printing and curing of nano-ink.  This attempt was extended also to more sensitive substrates, 

[44]. 

 So far, the development from macro- over micro- to nano-sized engineering problems 

was described.  Modeling of nanofluids is of particular interest in this work.  Nano-fluidic 

problems involve typically several spatial and temporal time scales.  Figure 1.6 shows the 

dominant spatial scales during the deposition of a micron-sized droplet containing nano-

particles.  The droplet diameter is roughly 80 microns, which leads with an initial impact 

velocity of 1 5  to a characteristic flow time of . m / s 53 sµ .  The dispersed particles are 

 in diameter, resulting with the classical Stokes theory for spherical particles in a 

particle relaxation time of order 

1 10nm−
410 sµ− .  Finally, the wetting phenomenon was proven to be 
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dominated by molecular effects (order 1Å), which cannot be fully captured by the classical 

continuum approach of fluid mechanics. 
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Figure 1.6 Spatial scales in nano-ink droplet deposition 

 

In addition, considering thermal effects it can be shown that the characteristic time for liquid 

evaporation along the free surface at ambient conditions, heat diffusion and particle sintering 

are 510 sµ , 310 sµ  and 0 1. sµ , respectively.  The bandwidth of spatial and temporal scales has 

serious implications and restrictions on the modeling approach, which will be outlined in the 

next section. 

 

1.2. Modeling of Micro- and Nano-fluidic systems 

 

As sketched in the previous section, typical microfluidic devices are, despite their small-

scaled size, subject to several dominant physical phenomena, which brings along several 

spatial and temporal scales.  Crucial for the efficient modeling of microfluidics is the 

narrowing of the bandwidth of scales, preferably through the use of integrative models for 

fine-scaled phenomena.  However, this is not always accurately achievable, which results for 

unsteady problems in ‘stiff’ governing equations, i.e. the time marching algorithm has to 

adapt to the smallest occurring characteristic time. 

The modeling of micro- or nano-fluidic problems is dominated by studies of flows in 

channels and chambers (closed microfluidic systems) as well as the behavior of micro-

bubbles, droplets and thin films (open microfluidic systems).  Starting point for by far most of 

these studies is the set of the Navier-Stokes equations (NSE).  If the flow is induced by 

electro-osmosis, the Poisson equation for the electrical field and the Nernst-Planck equation 
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for the ionic concentration distribution are additionally solved, [45], supplemented in case of 

reactions with the corresponding species concentration equations [46].  The NSEs are in many 

cases replaced by the Stokes flow assumption, justified by the usually low Reynolds number.  

The lubrication approximation, [47], is commonly used for thin film arrangements, [48, 49], 

or in cases where the axial dimension is much smaller than the horizontal ones, e.g. in flat 

channels as studied in [50].  The mesoscopic character of microflows manifests itself 

especially in the movement of the contact line in wetting/de-wetting scenarios, [51], or in the 

breakdown of the no-slip condition at solid walls, caused either by rarefaction (large 

Knudsen–number) or hydrophobic effects, [52].  Fluid slip is of particular interest in channel 

flows, where the conventional Couette-Poiseulle flow has to be corrected in vicinity of the 

wall.  Increasing focus is spent on hybrid-methods, which combine common continuum 

models with molecular approaches such as Molecular Dynamics (MD), [53], or Direct 

Simulation Monte Carlo (DSMC) methods, [54], in areas where the continuum assumption 

breaks down.  Major issues in hybrid methods are the positioning of the interfaces between 

sub-domains, the formulation of suiting boundary conditions as well as automatic method 

adaptation.  If the continuum domain is described with a partial differential equation (PDE), 

mesh-free discretization methods (such as Finite Cloud Method, Smooth Particle 

Hydrodynamics or Vortex Methods, see appendix A) were seen to be more suitable for hybrid 

approaches than conventional mesh-based discretizations schemes (such as Finite Difference 

(FD), Finite Volume (FV) or Finite Element (FE)), [55], due to the probabilistic discretization 

nature of the first.  Finally, simulations on the atomic or molecular level by means of MD for 

the complete microfluidic domain become more popular with increasing computational power 

available, [56, 57].  However, MD requires a profound knowledge of computational 

parallelization techniques for the sake of simulation efficiency.  An overview of the fluid 

modeling tools is illustrated in Figure 1.7, [58, 59]. 

An interesting alternative to the hybrid or fully molecular approaches is the Lattice 

Boltzmann Method (LBM), [60, 61], a generalization of the Lattice Gas Automata.  The LB 

method is applicable from the discrete to the complete continuous regime (see Figure 1.2) 

without changing the theoretical frame work, represented by the discrete Boltzmann equation 

for the particle velocity distribution function with a linearized collision operator.  It can be 

proven that the LBM recovers, in the limit of small Mach numbers (i.e. incompressible flow), 

the Navier-Stokes equations.  The LBM was successfully applied to micro-channels and 

chambers in [62] and capillary tubes, [63]. 
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Figure 1.7 Molecular and continuum flow models.  Adapted from [58] 

 

 A fundamental different approach is the consideration of a microfluidic MEMS as an 

analogy to an electrical circuit, [64], which can e.g. efficiently predict the resonance 

frequency of DOD piezo-tubes, [65]. 

 A great deal of literature has been published on the simulation of particulate flow, i.e. 

liquids suspending particles.  This is an evidence of the technical relevance of this kind of 

flows, of its versatility but also of its scientific challenge and unresolved problems.  The range 

of particulate flows span from flows suspending large particles to nano-inks, from spherical to 

irregular shaped particles such as in bio-flows (blood cells, DNA plasma), from dispersed to 

concentrated particle concentrations and from inert (stabilized) to heavily interacting particles, 

involving scattering, coagulation/fragmentation and coalescence.  It is noteworthy that some 

researchers consider Albert Einstein’s work on the Brownian motion of suspended particles as 

one of his most overlooked but outstanding contributions to modern science, [66], which led 

to the well known relation for the reduced viscosity of dilute liquid particle suspension: 

 
0

1 2 5. cη
η

= +  (1.3)

where 0η  is the viscosity of the pure solvent and  is the volumetric particle content.  

Modeling studies focus usually either around the motion of these particles or their 

coagulation/fragmentation behavior.  Work on the latter topic is usually an extension or 

modification of the Smoluchowski equation, describing the temporal evolution of the particle 

number distribution function, [67].  The simulation of particle motion incorporates commonly 

the Navier-Stokes equations.  The most accessible and accurate modeling approach with 

respect to the particle trajectory is the Direct Numerical Simulation (DNS), where each 

particle and the adjacent disturbed flow field is individually resolved.  This is done either 

c
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through suiting momentum source terms in the mean flow to enforce the no-slip condition on 

the particle surface, [68], or through computational grids adapting to the particle surface.  The 

applicability of DNS is in both cases limited to rather large and only a few particles.  This 

constraint is overcome by the use of Stokesian Dynamics (SD), [69], in which the particle-

fluid interaction is summarized in integrative dissipation and hydraulic forces acting on the 

particle, [70].  In most cases, the Stokes friction term 

 3Stokes pF d wπ η= − v  (1.4)

dominates this interaction (for spherical particles).  Here,  is the particle diameter, pd w  and 

 are the particle and the fluid velocity, respectively.  Of interest are the particle trajectory 

and the particle rotational speed.  SD in its most general form accounts for Brownian particle 

motion and particle-particle interaction, which includes the effect of squish (lubrication) flow 

between two approaching particles.  However, the determination of each integrative force 

contribution accounts at some point on an approximate theory, such as Stokes flow for the 

squish flow and the DLVO-theory for interparticle forces.  The occurrence of unsteady 

phenomena such as vortex shedding or turbulence is not considered in SD, so that only small 

particle Reynolds numbers can be investigated (i.e. small particle diameter).  Moreover, a 

large particle to liquid density ratio dictates the implementation of an accurate inertia-two-

way-coupling from the particle to the liquid.  Studies involving particle to particle interaction 

are mainly concerned with the non-Newtonian viscosity observed in suspension liquids.  So 

far, shear thinning for low shear rates is explained either through shear induced particle 

stratification, [71], or through rupture of agglomerates.  Shear thickening in dense suspensions 

and high shear rates is justified by the sudden disturbance of the gliding motion between 

particle layers, [72]. 

v

 Other studies of particulate flows employ vortex methods, [73], or discrete particle 

formulations for both, the solid and the liquid phase, such as in the Fluid Particle Model 

(FPM), [74].  These hybrid methods are particularly applicable to mesoscopic problems.  

Simulations of particulate flows in real microfluidic applications, especially involving a 

volatile free surface, are however scarce. 
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1.3. Outline of present study 

 

This study focuses on modeling aspects of thermally active free surface micro-fluidics, in 

particular of drops interacting with flat surfaces, involving plain liquids, liquid metals or 

colloidal nano-particle suspensions.  Special attention is paid to the realistic modeling of 

interfacial effects such as non-inertia induced wetting and surface tension gradient induced 

flows (Marangoni effect).  The implications of these phenomena on micro-fluidic problems 

met in emerging technologies are exemplary investigated for the solder bump deposition and 

solidification in the flip-chip manufacturing, for the thermally induced deformation of 

capillary bridges, as well as for the novel nano-ink-based method to produce gold conductors.  

The latter study is supplemented by the detailed modeling of inertia-controlled particle motion 

and of Brownian/shear-induced coagulation, thus establishing a modeling basis for future 

studies.  In addition, existing bubble formation and growth models are adjusted to the problem 

of vapor bubbles developing around heated nano-particles. 

 Chapter 2 will summarize the main modeling modul of axis-symmetric free surface 

flows on the micrometer scale, including the capturing of wetting and surface tension 

gradients.  There, the most important aspects of the Finite-Element-Method (FEM) to 

discretize the governing equations of mass, momentum and energy equation will be 

introduced, in conjunction with the basic numerical solution algorithm.  Chapter 3 

investigates the impact of thermocapillarity (thermal Marangoni effect) on the deposition, 

spreading and solidification of solder droplets relevant to the manufacturing of solder bumps 

in the flip-chip technology.  Chapter 4 discusses the thermally induced deformation of 

capillary bridges of plain and emulsion liquids, along with an example of a droplet-based 

micro-engine.  Chapter 5 describes the deposition and wetting of nano-particle inks on a flat 

surface, followed by the laser-heat induced nano-ink displacement, particle motion and 

coagulation in chapter 6.  A summary and a brief outlook are included in chapter 7.  Finally 

appendix A contains some details on the remeshing procedure to provide the moving FEM-

grid, in combination with some preliminary studies. 

 

 

 

 

 11



1.4. References 

 

1. V. P. Carey, Statistical Thermodynamics and Microscale Thermophysics, Melbourne, 
Cambridge University Press, 1999 

2. S. Roy, R. Raju, H. F. Chuang, B. A. Cruden and M. Meyyappan, Modeling gas flow 
through microchannels and nanopores, Journal of Applied Physics, 93, pp. 4870-4879, 
2003 

3. P. Koumoutsakos, Multiscaleflow simulations using particles, Annual Review of Fluid 
Mechanics, 37, pp. 457-487, 2005 

4. J. S. Park, L. L. Chu, A. D. Oliver and Y. B. Gianchandani, Bent-beam electrothermal 
actuators - Part II: Linear and rotary microengines, Journal of Microelectromechanical 
Systems, 10, pp. 255-262, 2001 

5. E. S. Kolesar, W. E. Odom, J. A. Jayachandran, M. D. Ruff, S. Y. Ko, J. T. Howard, 
P. B. Allen, J. M. Wilken, N. C. Boydston, J. E. Bosch, R. J. Wilks and J. B. 
McAllister, Design and performance of an electrothermal MEMS microengine capable 
of bi-directional motion, Thin Solid Films, 447, pp. 481-488, 2004 

6. N. T. Nguyen, X. Y. Huang and T. K. Chuan, MEMS-micropumps: A review, Journal 
of Fluids Engineering-Transactions of the Asme, 124, pp. 384-392, 2002 

7. A. Beskok and A. R. Srinivasa, Simulation and analysis of a magnetoelastically driven 
micro- pump, Journal of Fluids Engineering-Transactions of the Asme, 123, pp. 435-
438, 2001 

8. J. M. Ottino and S. Wiggins, Introduction: mixing in microfluidics, Philosophical 
Transactions of the Royal Society of London Series a-Mathematical Physical and 
Engineering Sciences, 362, pp. 923-935, 2004 

9. D. Erickson and D. Q. Li, Integrated microfluidic devices, Analytica Chimica Acta, 
507, pp. 11-26, 2004 

10. E. Verpoorte and N. F. De Rooij, Microfluidics meets MEMS, Proceedings of the 
Ieee, 91, pp. 930-953, 2003 

11. B. H. Weigl, R. L. Bardell and C. R. Cabrera, Lab-on-a-chip for drug development, 
Advanced Drug Delivery Reviews, 55, pp. 349-377, 2003 

12. P. Woias, Micropumps - past, progress and future prospects, Sensors and Actuators B-
Chemical, 105, pp. 28-38, 2005 

13. A. A. Darhuber and S. M. Troian, Principles of microfluidic actuation by modulation 
of surface stresses, Annual Review of Fluid Mechanics, 37, pp. 425-455, 2005 

14. M. S. Dresselhaus, G. Dresselhaus, J. C. Charlier and E. Hernandez, Electronic, 
thermal and mechanical properties of carbon nanotubes, Philosophical Transactions of 
the Royal Society of London Series a-Mathematical Physical and Engineering 
Sciences, 362, pp. 2065-2098, 2004 

15. D. G. Cahill, W. K. Ford, K. E. Goodson, G. D. Mahan, A. Majumdar, H. J. Maris, R. 
Merlin and S. R. Phillpot, Nanoscale thermal transport, Journal of Applied Physics, 
93, pp. 793-818, 2003 

16. P. Buffat and J. P. Borel, Size effect on the melting temperature of gold particles, 
Physical Review A, 13, pp. 2287-2297, 1975 

17. D. M. Schaefer, R. Reifenberger, A. Patil and R. P. Andres, Fabrication of 2-
Dimensional Arrays of Nanometer-Size Clusters with the Atomic-Force Microscope, 
Applied Physics Letters, 66, pp. 1012-1014, 1995 

18. M. Ben Ali, T. Ondarcuhu, M. Brust and C. Joachim, Atomic force microscope tip 
nanoprinting of gold nanoclusters, Langmuir, 18, pp. 872-876, 2002 

 12



19. T. J. Krinke, H. Fissan, K. Deppert, M. H. Magnusson and L. Samuelson, Positioning 
of nanometer-sized particles on flat surfaces by direct deposition from the gas phase, 
Applied Physics Letters, 78, pp. 3708-3710, 2001 

20. P. Bhattacharya, S. K. Saha, A. Yadav, P. E. Phelan and R. S. Prasher, Brownian 
dynamics simulation to determine the effective thermal conductivity of nanofluids, 
Journal of Applied Physics, 95, pp. 6492-6494, 2004 

21. P. Keblinski, S. R. Phillpot, S. U. S. Choi and J. A. Eastman, Mechanisms of heat flow 
in suspensions of nano-sized particles (nanofluids), International Journal of Heat and 
Mass Transfer, 45, pp. 855-863, 2002 

22. J. Gluckstad, Microfluidics - Sorting particles with light, Nature Materials, 3, pp. 9-10, 
2004 

23. Y. Chen, J. Au, P. Kazlas, A. Ritenour, H. Gates and M. McCreary, Flexible active-
matrix electronic ink display, Nature, 423, pp. 136-136, 2003 

24. M. Preuss and H. J. Butt, Measuring the contact angle of individual colloidal particles, 
Journal of Colloid and Interface Science, 208, pp. 468-477, 1998 

25. C. Powell, N. Fenwick, F. Bresme and N. Quirke, Wetting of nanoparticles and 
nanoparticle arrays, Colloids and Surfaces a-Physicochemical and Engineering 
Aspects, 206, pp. 241-251, 2002 

26. M. G. Nikolaides, A. R. Bausch, M. F. Hsu, A. D. Dinsmore, M. P. Brenner and D. A. 
Weitz, Electric-field-induced capillary attraction between like-charged particles at 
liquid interfaces, Nature, 420, pp. 299-301, 2002 

27. P. Aussillous and D. Quere, Liquid marbles, Nature, 411, pp. 924-927, 2001 
28. A. Chengara, A. D. Nikolov, D. T. Wasan, A. Trokhymchuk and D. Henderson, 

Spreading of nanofluids driven by the structural disjoining pressure gradient, Journal 
of Colloid and Interface Science, 280, pp. 192-201, 2004 

29. V. Santhanam, J. Liu, R. Agarwal and R. P. Andres, Self-assembly of uniform 
monolayer arrays of nanoparticles, Langmuir, 19, pp. 7881-7887, 2003 

30. Y. Lin, A. Boker, H. Skaff, D. Cookson, A. D. Dinsmore, T. Emrick and T. P. Russell, 
Nanoparticle assembly at fluid interfaces: Structure and dynamics, Langmuir, 21, pp. 
191-194, 2005 

31. V. Santhanam and R. P. Andres, Microcontact printing of uniform nanoparticle arrays, 
Nano Letters, 4, pp. 41-44, 2004 

32. P. C. Ohara and W. M. Gelbart, Interplay between hole instability and nanoparticle 
array formation in ultrathin liquid films, Langmuir, 14, pp. 3418-3424, 1998 

33. B. J. Fischer, Particle convection in an evaporating colloidal droplet, Langmuir, 18, 
pp. 60-67, 2002 

34. L. V. Govor, G. Reiter, J. Parisi and G. H. Bauer, Self-assembled nanoparticle 
deposits formed at the contact line of evaporating micrometer-size droplets, Physical 
Review E, 69, pp. 2004 

35. R. D. Deegan, O. Bakajin, T. F. Dupont, G. Huber, S. R. Nagel and T. A. Witten, 
Capillary flow as the cause of ring stains from dried liquid drops, Nature, 389, pp. 
827-829, 1997 

36. B. G. Prevo and O. D. Velev, Controlled, rapid deposition of structured coatings from 
micro- and nanoparticle suspensions, Langmuir, 20, pp. 2099-2107, 2004 

37. N. R. Jana, Shape effect in nanoparticle self-assembly, Angewandte Chemie-
International Edition, 43, pp. 1536-1540, 2004 

38. H. Q. Xie, H. Lee, W. Youn and M. Choi, Nanofluids containing multiwalled carbon 
nanotubes and their enhanced thermal conductivities, Journal of Applied Physics, 94, 
pp. 4967-4971, 2003 

 13



39. J. B. Szczech, C. M. Megaridis, D. R. Gamota and J. Zhang, Fine-line conductor 
manufacturing using drop-on-demand PZT printing technology, Ieee Transactions on 
Electronics Packaging Manufacturing, 25, pp. 26-33, 2002 

40. N. R. Bieri, J. Chung, S. E. Haferl, D. Poulikakos and C. P. Grigoropoulos, 
Microstructuring by printing and laser curing of nanoparticle solutions, Applied 
Physics Letters, 82, pp. pp 3529 - 3531, 2003 

41. N. R. Bieri, Transport Phenomena in the Microprinting and Laser Annealing of Gold 
Nanoparticle Inks, Ph.D., Swiss Federal Institute of Technology Zurich, Zurich, 2004 

42. T. Y. Choi, D. Poulikakos and C. P. Grigoropoulos, Fountain-pen-based laser 
microstructuring with gold nanoparticle inks, Applied Physics Letters, 85, pp. 13-15, 
2004 

43. S. B. Fuller, E. J. Wilhelm and J. A. Jacobson, Ink-jet printed nanoparticle 
microelectromechanical systems, Journal of Microelectromechanical Systems, 11, pp. 
54-60, 2002 

44. E. J. Wilhelm, B. T. Neltner and J. M. Jacobson, Nanoparticle-based 
microelectromechanical systems fabricated on plastic, Applied Physics Letters, 85, pp. 
6424-6426, 2004 

45. G. Y. Tang, C. Yang, C. J. Chai and H. Q. Gong, Modeling of electroosmotic flow and 
capillary electrophoresis with the joule heating effect: The Nernst-Planck equation 
versus the Boltzmann distribution, Langmuir, 19, pp. 10975-10984, 2003 

46. J. Y. Lin, L. M. Fu and R. J. Yang, Numerical simulation of electrokinetic focusing in 
microfluidic chips, Journal of Micromechanics and Microengineering, 12, pp. 955-
961, 2002 

47. P. Bahukudumbi and A. Beskok, A phenomenological lubrication model for the entire 
Knudsen regime, Journal of Micromechanics and Microengineering, 13, pp. 873-884, 
2003 

48. J. Becker, G. Grun, R. Seemann, H. Mantz, K. Jacobs, K. R. Mecke and R. Blossey, 
Complex dewetting scenarios captured by thin-film models, Nature Materials, 2, pp. 
59-63, 2003 

49. J. Z. Chen, S. M. Troian, A. A. Darhuber and S. Wagner, Effect of contact angle 
hysteresis on thermocapillary droplet actuation, Journal of Applied Physics, 97, pp. 
2005 

50. M. S. Stay and V. H. Barocas, Thin-domain modeling of mass transport in 
microchannels, with application to diffusive mixing, Journal of Applied Physics, 95, 
pp. 6435-6443, 2004 

51. N. G. Hadjiconstantinou, Hybrid atomistic-continuum formulations and the moving 
contact-line problem, Journal of Computational Physics, 154, pp. 245-265, 1999 

52. L. D. Zhu, D. Tretheway, L. Petzold and C. Meinhart, Simulation of fluid slip at 3D 
hydrophobic microchannel walls by the lattice Boltzmann method, Journal of 
Computational Physics, 202, pp. 181-195, 2005 

53. X. B. Nie, S. Y. Chen, W. N. E and M. O. Robbins, A continuum and molecular 
dynamics hybrid method for micro- and nano-fluid flow, Journal of Fluid Mechanics, 
500, pp. 55-64, 2004 

54. H. S. Wijesinghe, R. D. Hornung, A. L. Garcia and N. G. Hadjiconstantinou, Three-
dimensional hybrid continuum-atomistic simulations for multiscale hydrodynamics, 
Journal of Fluids Engineering-Transactions of the Asme, 126, pp. 768-777, 2004 

55. O. Aktas and N. R. Aluru, A combined continuum/DSMC technique for multiscale 
analysis of microfluidic filters, Journal of Computational Physics, 178, pp. 342-372, 
2002 

 14



56. D. Poulikakos, S. Arcidiacono and S. Maruyama, Molecular dynamics simulation in 
nanoscale heat transfer: A review, Microscale Thermophysical Engineering, 7, pp. 
181-206, 2003 

57. J. Koplik and J. R. Banavar, Molecular simulation of viscous flow, Jsme International 
Journal Series B-Fluids and Thermal Engineering, 41, pp. 353-360, 1998 

58. M. Gad-el-Hak, The fluid mechanics of microdevices - The Freeman Scholar Lecture, 
Journal of Fluids Engineering-Transactions of the Asme, 121, pp. 5-33, 1999 

59. M. Gad-El-Hak, Transport phenomena in microdevices, Zeitschrift Fur Angewandte 
Mathematik Und Mechanik, 84, pp. 494-498, 2004 

60. S. Chen and G. D. Doolen, Lattice Boltzmann method for fluid flows, Annual Review 
of Fluid Mechanics, 30, pp. 329-364, 1998 

61. D. Raabe, Overview of the lattice Boltzmann method for nano- and microscale fluid 
dynamics in materials science and engineering, Modelling and Simulation in Materials 
Science and Engineering, 12, pp. R13-R46, 2004 

62. X. B. Nie, G. D. Doolen and S. Y. Chen, Lattice-Boltzmann simulations of fluid flows 
in MEMS, Journal of Statistical Physics, 107, pp. 279-289, 2002 

63. P. Raiskinmaki, A. Shakib-Manesh, A. Jasberg, A. Koponen, J. Merikoski and J. 
Timonen, Lattice-Boltzmann simulation of capillary rise dynamics, Journal of 
Statistical Physics, 107, pp. 143-158, 2002 

64. P. Voigt, G. Schrag and G. Wachutka, Microfluidic system modeling using VHDL-
AMS and circuit simulation, Microelectronics Journal, 29, pp. 791-797, 1998 

65. B. V. Antohe and D. B. Wallace, The determination of the speed of sound in liquids 
using acoustic resonance in piezoelectric tubes, Measurement Science & Technology, 
10, pp. 994-998, 1999 

66. G. Parisi, Brownian motion, Nature, 433, pp. 221-221, 2005 
67. D. N. Thomas, S. J. Judd and N. Fawcett, Flocculation modelling: A review, Water 

Research, 33, pp. 1579-1592, 1999 
68. Y. Pan and S. Banerjee, Numerical investigation of the effects of large particles on 

wall-turbulence, Physics of Fluids, 9, pp. 3786-3807, 1997 
69. J. F. Brady, Computer simulation of viscous suspensions, Chemical Engineering 

Science, 56, pp. 2921-2926, 2001 
70. M. R. Maxey and J. J. Riley, Equation of Motion for a Small Rigid Sphere in a 

Nonuniform Flow, Physics of Fluids, 26, pp. 883-889, 1983 
71. I. M. Krieger and T. J. Dougherty, A Mechanism for Non-Newtonian Flow in 

Suspensions of Rigid Spheres, Transactions of the Society of Rheology, 3, pp. 137-
152, 1959 

72. D. I. Dratler, W. R. Schowalter and R. L. Hoffman, Dynamic simulation of shear 
thickening in concentrated colloidal suspensions, Journal of Fluid Mechanics, 353, pp. 
1-30, 1997 

73. J. H. Walther and P. Koumoutsakos, Three-dimensional Vortex methods for particle-
laden flows with two-way coupling, Journal of Computational Physics, 167, pp. 39-71, 
2001 

74. W. Dzwinel and D. A. Yuen, Mesoscopic dispersion of colloidal agglomerate in a 
complex fluid modelled by a hybrid fluid-particle model, Journal of Colloid and 
Interface Science, 247, pp. 463-480, 2002 

 

 15



2. Microfluidic concepts and numerical implementation 
 

2.1. Extended Navier-Stokes equations 
 
Fluids which meet the continuum assumption can be described with the Navier-Stokes 

equations, if the characteristic time to attain thermodynamic (quasi-) equilibrium is 

sufficiently shorter than characteristic process times.  The conservation of mass reads then: 

 tD vρ ρ= − ∇ ⋅  (2.1)

ρ  is the fluid density and  is the velocity vector.  The material or substantial derivative 

 is defined as: 

v

( )tD .

 ( ) ( ) ( )t tD . . v .= ∂ + ⋅∇  (2.2)

The momentum conservation follows classical Newtonian mechanics for an infinitesimal fluid 

element: 

 2
tD v p v gzρ η= −∇ + ∇ −  (2.3)

p  is the fluid pressure, η  is the dynamic viscosity,  the gravitational acceleration 

( ) and  is the change of altitude in direction of the gravitational force.  The 

energy equation neglecting heat generation through dissipation reads: 

g
29 81. m s−⋅ ⋅ z

 2
l t lc D T Tρ λ⋅ ⋅ = ∇  (2.4)

lc  is the (constant) fluid heat capacity, T  its temperature and lλ  the (constant) thermal 

conductivity, resulting in the classical diffusion equation for heat transport.  The fluid is 

herein assumed to be incompressible ( lρ ρ≡ ), essentially reducing equation (2.1) to the 

elliptic equation  and justifying the form of the dissipative term in equation (2.3).  

However, to close the set of equation with respect to pressure and to ease the time marching 

procedure in the numerical implementation (which will be described in section 2.5), pressure 

and density are assumed to be connected by the artificial compressibility method, [1]: 

0v∇⋅ =

 2

1
t t

acm

D D
c

ρ = p  (2.5)

acmc  is here an empirical parameter in units of 1m s−⋅ , which is not connected to the physical 

speed of sound in the fluid.  Equation (2.1) turns with equation (2.5) to: 

 2
t l acmD p c vρ= − ∇⋅  (2.6)
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The governing equations (2.6), (2.3) and (2.4) are adapted to axis-symmetric flows and non-

dimensionalized using characteristic parameters relevant to the problem of small droplets 

impacting with low velocities on flat surfaces.  The dimensionless radial and axial coordinates 

are: 

 
0

rR
d

= ,      
0

zZ
d

=  (2.7)

0d  is a characteristic length, herein the initial droplet diameter if not stated differently.  The 

dimensionless velocity vector is just 

 
0

U vV
V v
⎛ ⎞

= =⎜ ⎟
⎝ ⎠

 (2.8)

where  is the initial impact velocity of the droplet.  The dimensionless time is 0v

 0

0

vt
d

τ =  (2.9)

and the non-dimensionalized pressure reads: 

 2
0l

p pP
vρ

∞−
=  (2.10)

p∞  is the ambient reference pressure.  A dimensionless temperature is introduced as 

 2 0

1 0 2 0

,

, ,

T T
T T

−
Θ =

−
 (2.11)

1 0,T  and  denote the upper and lower expected temperature ( ).  The use of the 

characteristic parameters leads to the following characteristic Reynolds number, 

2 0,T 1 0 2 0,T T≥ ,

 0 0l

l

v dRe ρ
η

=  (2.12)

artificial Mach number, 

 0
acm

acm

vM
c

=  (2.13)

Froude number, 

 
2
0

0

 vFr
d g

=  (2.14)

and Peclet number: 

 0 0

l

d vPe Re Pr
α

= = ,   l
l

l lc
λα
ρ

=  (2.15)

The corresponding dimensionless conservation equation for mass, momentum and energy are 
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 2 0
acm

VD P
Mτ
∇ ⋅

+ =  Continuity (2.16)

 0zeD V T
Frτ −∇ ⋅ + =  Momentum (2.17)

 21 0D
Peτ Θ − ∇ Θ =  Energy (2.18)

ze  is the unity vector in Z-direction and the (symmetric) stress tensor T  is defined as: 

 

0

0

0 0

RR RZ

RZ ZZT

θθ

σ σ

σ σ

σ

⎡ ⎤
⎢ ⎥

= ⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

 

2
RR RP U

Re
σ ∂= − + ,  

2
ZZ ZP V

Re
σ ∂= − +  

2 UP
Re Rθθσ = − + ,  ( )1

RZ Z RU V
Re

σ ∂ ∂= +  
(2.19)

 

2.2. FEM discretization 
 

Equations (2.16) - (2.18) are spatially discretized with the Galerkin Finite Element Method 

(GFEM).  Note herein that the conservation equations are in the Lagrangian form, which 

avoids discretizing the non-linear advective term in equation (2.2).  The flow domain Λ  is 

subdivided into small elements  so that Ω Λ = Ω∑ .  As outlined in the previous section, the 

physical parameters kΨ  ( k P,V ,Ψ = Θ ) evolve within each element according to partial 

differential equations 

 ( ) 0m k
XPDE τ

⎡ ⎤Ψ =
⎣ ⎦

 (2.20)

( mass, momentum, energy).  The first assumption of the FEM is that each  can be 

interpolated with an analytical function of the form 

mPDE = kΨ

 
k k k k

i iX
i

τφΨ ≈ Ψ = Ψ∑  (2.21)

k
i τΨ  are the time-dependent values of the parameter kΨ  on discrete locations within the 

element , the so-called nodes.  Ω k
i Xφ  are the shape functions, which depend only on the 

coordinate X .  Introducing (2.21) in (2.20) will result in an numerical error, the residual 

Re s : 

 m kPDE Re s⎡ ⎤Ψ =⎣ ⎦
m  (2.22)

The second assumption in FEM is that weighting functions jζ  can be found so that 
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 ( ) 0m
j Re s dζ

Ω

Ω =∫  (2.23)

which is a weak statement of the governing PDEs.  Equation (2.23) employs an orthogonal 

principle in the integrated sense.  The choice of weighting or test functions jζ  is somewhat 

arbitrary and defines the kind of FEM used.  In the GFEM the weighting functions are 

identical to the shape functions k
iφ .  Equation (2.23), applied for every weighting function and 

for every element, leads to an algebraic matrix system with the node values k
i τΨ  as 

unknowns.  This assembled matrix system is solved for every time step.  Further information 

on the FEM can be found in [2], [3] and [4].  The FEM-implementation utilized in this study 

employs linear shape functions for pressure, velocity and temperature and triangular elements.  

Details on the algebraic system solved in the program at hand are extensively described in [5] 

and [6]. 

An advancing front method is used to provide the grid.  This can be refined in areas, 

where a freely defined scalar (here the local fluid kinetic energy) exhibits steep gradients.  

Typical computations employed about 3500 elements on average (drop impact studies).  The 

discrete nodes move with the local fluid velocity due to the fully Lagrangian formulation.  

This has on the one hand the advantage that the free surface is implicitly tracked and that only 

the fluid domain has to be discretized.  It results on the other hand in a severe distortion of the 

computational mesh, which requires a successive remeshing to maintain the numerical 

accuracy.  To obtain a measure for the element distortion, the radii of two circles are 

determined: one (radius ( )er ) contains the nodal point of the current element on its 

circumference, whereas the other encloses a fictitious equilateral triangle with the same area 

as the real one (radius ).  A remeshing is executed if the ratio eqr ( )e eqr / r  exceeds the value of 

1.5 through distortion during the transient impact process.  The limiting value is arbitrarily 

chosen.  The computational mesh is refined (besides the areas with steep gradients in kinetic 

energy) along the free surface to minimize the mass error during remeshing and in the contact 

area to resolve small changes in spreading.  This refinement is necessary, since spreading is 

modeled by connecting a node from the droplet free surface to the substrate, [6].  The 

accuracy of the spreading prediction is therefore in the order of the distance between two 

neighboring free surface nodes.  The left side of Figure 2.1 depictures an initial mesh, 

whereas the right side shows a typical mesh at very late stages of the droplet impact 

simulation (dimensionless time 5).  The gridding method and the remeshing algorithm are 

detailed in appendix A. 
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Figure 2.1 Example grids for initial (left) and final (right) droplet shape. 

 

Applying the foregoing discretization procedure to the momentum equation (2.17), using the 

chain rule for the stress tensor, 

 ( )i iT T T iφ φ φ∇ ⋅ = ∇ − ⋅∇  (2.24)

in combination with Gauss’ theorem leads to  

 ( )1

Ts s
i i i i

/ R
D V T d T n d

/ Fr
θθ

τ

σ
φ φ φ φ

Ω ∂

⎛ ⎞
+ ⋅∇ + ⋅ Ω = ⋅ Γ⎜ ⎟

⎝ ⎠
∫ ∫

Ω
 (2.25)

n  is the outward directed normal of the element surface, which is superscripted with ‘s’.  The 

boundary integral across the projection of the stress tensor onto the surface normal vanishes 

for elements in the bulk liquid after the algebraic system was assembled.  Thus it does not 

need to be explicitly evaluated for this kind of elements.  However, it does not vanish for 

elements particularly at the free surface, which requires the statement of a boundary condition 

at the interface. 

 

2.3. Interfaces, interfacial tension and the Marangoni effect 
 

As outlined in chapter 1, increasing the surface-to-volume (S/V) ratio promotes the 

importance of interfacial effects.  The fundamental difference between a free surface and the 

bulk of a liquid is the reduced intermolecular binding energy of the molecules at the free 

surface [7].  The unbalanced intermolecular forces lead by experience to a minimization of the 

surface area to attain equilibrium.  An illustration often found in elementary textbooks is 

depicted in Figure 2.2 a), although it contains two serious shortcomings: it neither represents a 
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state of mechanical equilibrium at the interface nor it explains a surface tension parallel to the 

interface, since the resulting force is directed inwards with respect to the interface [8]. 

a) 

Interface

Bulk

i
i

F∑

0i
i

F =∑

 

b) 

0

ρ
ρ

n

0

1

a

x  
 

Figure 2.2 a) Simplified illustration of unequilibrated intermolecular forces at an 

interface. 

b) Real (solid line) and continuum model (dashed line) density profile. 

 

The continuum approach assumes that the interface itself is sharp and that the location of the 

interface is known.  This is a simplification, since it requires the unrealistic existence of an 

infinite density gradient at the interface.  In reality, the interface is not sharp and the density 

normalized to the bulk density varies smoothly from unity to (almost) zero while crossing the 

interfacial region, Figure 2.2 b).  This region extends 10 – 100 Å for regular conditions and 

becomes larger while approaching the critical point, where an interface cannot be defined 

anymore.  The ‘smeared out’ interface has consequences in particular for the local liquid 

pressure, which is defined as 

 coh kinΠ = Π +Π  (2.26)

cohΠ  is the (negative) cohesive pressure originating from the intermolecular attraction force, 

whereas  is the (positive) kinetic pressure.  The evaluation of the two pressure terms 

involves an averaging procedure in each coordinate direction across a sufficiently large 

number of molecules surrounding the respective fluid element for which the pressure is 

computed.  The pressure is in general a tensor.  Bulk liquids at moderate thermodynamic 

conditions can be sufficiently accurate considered as being isotropic.  The pressure tensor 

reduces for this case to a scalar multiplied by the identity matrix: 

kinΠ
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 ( ) ( )b
coh kinpId p p IdΠ ≈ = +  (2.27)

kinp  is the scalar kinetic pressure, which can be derived with an ideal gas model to: 

 B
kin

Nk Tp
V

=  (2.28)

N  is the total mol amount and  is the Boltzmann constant.  It was seen by experience that 

the simplification (2.27) cannot be made at the interface, which is anisotropic by definition 

and the pressure remains a full tensor.  This tensor consists of a normal and a tangential 

component with respect to the surface: 

Bk

 n tΠ = Π +Π  (2.29)

The absolute (scalar) values in each direction are np  and tp  respectively.  Conducting a 

thought experiment, [9], it can be seen that the interfacial tension is 

 ( )
a

n t
a

p p dnγ
−

= − ⋅∫  (2.30)

where  marks integration normal to the interface and  is an arbitrary length large 

compared to the interfacial thickness.  For flat interfaces it is 

dn a →∞

np p= .  tp  is usually negative 

out of experience within the interfacial region due to the locally dominating cohesive 

pressure, which explains contrary to Figure 2.2 a) accurately the tensile character of the 

interfacial excess force [8]. 

 The location of the equivalent sharp interface must formally fulfill the following 

torque balance, Figure 2.2 b): 

 ( )1 a

n t
a

a p p ndn
γ −

= −∫  (2.31)

From the thermodynamic point of view, enlarging the interface an infinitesimal amount  

requires mechanical work of 

dA

 dW dAγ γ=  (2.32)

Applying the 1st law of thermodynamics to this enlargement process provides: 

 ( ) ( )b
irrev i i

i
dU T dS S pdV dN dAδ µ γ= − − + +∑  (2.33)

U  is the extensive internal energy,  the entropy,  the entropy production due to 

irreversibilities,  the volume, 

S 0irrevS ≥

V ( )b
iµ  the bulk chemical potential of the molecules and  is 

the number of moles in phase i.  Since  and 

iN

iU ,S ,V ,N A  are extensive variables, it is 
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 T ,p T ,pd dαΦ = Φ ,    iU ,S ,V ,N ,AΦ = (2.34)

α  is herein an arbitrary scalar.  Using (2.34) in (2.33) and neglecting the entropy production 

term (keeping in mind that the following provides upper estimates) leads to the Gibbs free 

enthalpy: 

 
( )b
i i

i
G U pV TS N Aµ γ= + − = +∑  (2.35)

Introducing a chemical potential iµ  for each phase which considers interfacial effects, so that  

 i i
i

G Nµ=∑  (2.36)

suggests with (2.35): 

 ( )( )b
mi i i

i

V
A

γ ρ µ µ= −∑ ,   i
mi

N
V

ρ =  (2.37)

miρ  is the molar density.  Equation (2.37) reflects the thermodynamic interpretation of the 

interfacial tension as an area-specific correction of the bulk chemical potentials at the 

interface. 

 Building the total differential of the Gibbs energy definition, equation (2.35), and 

combining the result with the first law, equation (2.33), leads to the Gibbs-Duhem equation: 

 
( )b
i i

i

dG Vdp SdT dN dAµ γ= − + +∑  (2.38)

Equation (2.38) provides in conjunction with equation (2.33) the thermodynamic definition of 

the interfacial tension: 

 i iA AS ,V ,N T ,p ,NU Gγ = ∂ = ∂  (2.39)

The work required to enlarge a phase for the amount dV α  in a system consisting of two 

phases, α  and β , is 

 dW p dV p dV dAα α β β γ= − − +  (2.40)

Assuming that the total system volume remains constant it follows: 

 ( )tot totV VV V
W p p Aα α

α β γ∂ = − − − ∂  (2.41)

The area derivative with respective to volume is the reciprocal of the surface curvature.  If 

phase α  is in shape of a sphere with radius r  it is 

 
2

totVV
W p p

rα
α β γ⎛ ⎞∂ = − − −⎜ ⎟

⎝ ⎠
 (2.42)

Equation (2.42) must be zero for the sake of mechanical equilibrium, which leads to the 

Young-Laplace equation: 
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2p p
r

α β γ
= +  (2.43)

Note that equation (2.43) can be obtained through equation (2.37) and the Maxwell relation 

 
1

i
ii T ,Np

mi

µ
ρ

∂ =  (2.44)

As a summary, the real fluid system with a pressure tensor in the interfacial region of finite 

thickness can be mechanically and thermodynamically equally represented in a continuum 

approach by a sharp interface with a surface tension γ  and a scalar pressure.  However, 

equation (2.49) considers a stationary condition.  For dynamic situations, a stress balance at 

the interface must be conducted, [10], which reads in dimensionless form: 

 ( ) 2
0 0

2
sTs s sHT n n

W e v d
γ

ρ
∇

⋅ = − +  (2.45)

The left hand side (LHS) of equation (2.45) is the fluid stress tensor projected onto the outer 

surface normal seeked as a boundary condition for equation (2.25).  The Weber number is 

defined as 

 
2
0 0v dW e ρ
γ

=  (2.46)

And the surface curvature is given by 

 
( ) ( )

( )

( ) ( )
1 3

2 2 2 22 2

12
R Z Z RZH

R R Z R Z

′ ′′ ′ ′′−′
= +

⎡ ⎤ ⎡ ⎤′ ′ ′ ′+ +⎣ ⎦ ⎣ ⎦

,      ( ) ( )s. d .′ ≡ (2.47)

The last term in equation (2.45) invokes a gradient in surface tension along the surface, the 

so-called Marangoni effect [11].  Gradients in surface tension originate from [12]: 

• a temperature gradient, causing a thermocapillary effect 

• a concentration gradient, causing a destillocapillary effect 

• an electrical potential 

Phenomena caused by a variable surface tension can be observed in every day’s life.  Figure 

2.3 a) shows Marangoni-Bénard vortex cells in a thin liquid film heated from below (e.g. an 

oil film in a pan).  Local variations of the free surface temperature initiate by means of 

thermocapillarity convection cells, leading to the formation of local ridges and dimples on the 

surface, [13-15].  It has to be noted that the Marangoni-effect is a non-equilibrium 

phenomenon, i.e. it occurs only if a system is not in a state of thermodynamic equilibrium 
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which initiates fluxes (heat and mass).  To illustrate this, consider a capillary bridge treated in 

more depth in chapter 4.  If the capillary bridge is heated from below, the higher surface 

tension at the colder upper wall will lead to mass accumulation along this substrate, thereby 

enhancing the local surface area and in turn also the system Gibb’s free energy, 

 ( ) 0dG d Aγ= >  (2.48)

which contradicts the equilibrium condition 0dG = .  Marangoni-Bénard cells serve 

evolutionary biologists as a simple analogy to self-organizing dissipative systems, [16, 17], 

implying that mammals operate far away from thermodynamic equilibrium. 

Tears of wine in a glass as depicted in Figure 2.3 b) are another example of the surface 

tension gradient effect.  Wine can be considered as a mixture of water and the more volatile 

ethanol.  The dominate ethanol loss leads to slight concentration variations at the free surface.  

Regions with a higher water concentration (and therefore higher surface tension) attract 

neighboring fluid, which is accumulated in the characteristic fingers observed, [18, 19]. 

a) 

 

b) 

 
 

Figure 2.3 a) Thermally generated Marangoni-Bénard cells; 

  E.L. Koschmieder, University of Texas at Austin. 

b) Wine tears due to a concentration dependent surface tension; 

  Courtesy of John Bush, MIT. 

 

The Marangoni effect was shown to assist in novel small-scale applications due to its fine-

dosed force value, [20, 21], as more extensively discussed in chapter 4. 

Here, we want to generally concentrate on a temperature-dependent surface tension 

only.  Equation (2.30) reads for a flat interface 
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 ( )
a

T T T t
a

d p pγ
−

= ∂ − ∂∫ dn  (2.49)

The Maxwell relation 

 T VV Tp S∂ = ∂  (2.50)

applies for the bulk liquid pressure.  Entropy can be shown for incompressible fluids to be a 

pure function of temperature only, so that 

 
a

T T
a

d pγ
−

≈ − ∂∫ tdn

,tdn

 (2.51)

Although the tangential pressure in the interfacial region itself is dominated by the negative 

cohesive pressure, the change of the tangential pressure is dictated by the strongly varying 

kinetic pressure.  The following approximation is therefore acceptable: 

 
a

T T kin
a

d pγ
−

≈ − ∂∫  (2.52)

The volume is thought to maintain a constant value during the temperature change.  Equation 

(2.28) suggests then that the kinetic pressure and therefore also the surface tension varies 

linearly with temperature: 

 
( ) ( )

( )1 0 2 0
0

0 0

1 T , ,ref
d T Tγγ

γ γ

−
= + Θ − Θ  (2.53)

( )T ref
d γ  is the (constant) gradient of surface tension with temperature, which is commonly 

determined in experiments.  Although the open literature contains a large variety of surface 

tension expressions, such as Macleod’s empirical formula (equation (2.54)), they mostly 

apply for conditions close to the critical temperature . CT

 ( )2

0
Cconst T Tγ

γ
= −  (2.54)

Equation (2.53) is therefore believed to be a sufficiently good approximation for the 

applications presented within this work.  Defining the thermal Marangoni number as 

 
( ) ( )1 0 2 00

0 0

T ,ref
T

d T TReMa
We

γ

γ

−
=

,  (2.55)

equation (2.45) becomes: 

 ( )
0

2
Ts s s TM aHT n n

W e Re
⋅ = − + ∇ Θs  (2.56)

The temperature dependent Weber number can be computed at last with 
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 ( )0
0 0

1 1 TM a
W e W e Re

= + Θ − Θ  (2.57)

 

2.4. Wetting and the contact line problem 
 

A droplet sitting on a flat surface has two different kinds of surfaces: the liquid-solid interface 

with the substrate and the liquid-vapor free surface with the vapor.  The line where these two 

surfaces meet is known as the common or the contact line.  The contact angle between the two 

surfaces at the contact line is depending on the liquid/solid combination.  The value can be 

derived through minimization of the Gibbs free energy of the system: 

 0
i i lv lv sl sl sv sv,N ,dG dA dA dAµ γ γ γ γ= + + =  (2.58)

The subscripts lv, sl, and sv denote the liquid-vapor, liquid-solid and solid-vapor interface.  

The interfacial tensions for the latter two are actually area specific interfacial energies, since 

the argumentation with the pressure tensor as for a fluid/fluid interface cannot be made for a 

solid-fluid interface.  For both, a planar (i.e. straight contact line) and for a free surface in 

shape of a spherical cap it is with Figure 2.4 a): 

 ( )sv sl lvdA dA dA dA / cos sθ= = − = −  (2.59)

where sθ  is the seeked static contact angle. 

a) 

Substrate

svAsθslA

lvA

Contact line

Free surface

 

b) 

 

 
 

Figure 2.4 a) Sketch of contact line arrangement at equilibrium. 

b) Kinematic paradox at the contact line. 

 

The Young-Dupré equation follows with equation (2.58) to: 

 ( ) sv sl
s

lv

cos γ γθ
γ
−

=  (2.60)
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Equation (2.60) assumes that the interfacial two-phase energies are unaffected by the presence 

of the third phase in vicinity of the triple line.  The concept of line tension corrects for this 

approximation [22], which might be important for high-energy substrates with long-range 

intermolecular interaction.  However, the correction is usually small and is therefore 

neglected here. 

 The situation becomes more complicated if the contact line is allowed to move.  The 

mass flux is purely tangential at the free surface if evaporation/condensation is negligible 

small, i.e. no material stream crosses the free surface and the free surface line is a streamline.  

In case that the classical no-slip and no penetration condition are enforced at the wall, this 

streamline leads to a stagnation point, which is located on the contact line.  The mass within 

the stagnation streamline must reach the stagnation point in an infinite time, as the contact 

line cannot be a sink or source of mass.  The fluid would therefore not spread on the solid.  

This paradox does not apply if the dynamic contact angle is 180°, i.e. the fluid spreads in a 

rolling motion, Figure 2.4 b).  Note herein that a rolling motion for contact angles smaller 

than the latter value would take an infinite force because the change of direction is made in a 

singular point, which is not possible.  However, a contact angle of 180° during spreading 

contradicts in most practical cases the Young-Dupré equation (2.60), since the fluid motion is 

assumed to take place in thermodynamic (quasi-) equilibrium, see section 2.1.  Moreover, 

experimental observation showed that common liquids wet a solid surface with a finite speed, 

which follows approximately the empirical Hoffman-Tanner law [23]: 

 ( )m
C L sU const θ θ≈ −  (2.61)

180sθ θ≠ < °  is the (apparent) dynamic contact angle and  is an empirical constant. m

The outlined paradox is due to the mesoscopic character of a moving contact line for 

which the plain continuum model described before is insufficient.  [24] showed that a 

conventional hydrodynamic model requires the allowance of slip at the contact line to avoid 

singularities in mass and momentum conservation.  An additional wetting model has to 

capture the dynamics at the contact line and to restrict the degree of freedom gained with the 

slip-condition.  The most-well known contact line model is the Navier-slip condition (NSC), 

[25]: 

 ( )Ts slips
R C

C L Seg .

T n e U
Re L

ε

−

⎡ ⎤⋅ ⋅ = −⎢ ⎥⎣ ⎦
 (2.62)

The LHS denotes the fluid stresses in a finite fluid segment in vicinity of the contact line in 

radial direction, which are linearly related to the contact line velocity.  slipε  is an empirical 
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slip coefficient.  The NSC is the fluid mechanical analogue to slip friction in solid body 

mechanics and is well suited for inertia-dominated problems, such as the modeling of ships.  

However, wetting or de-wetting phenomena in microfluidic problems are commonly driven 

by a reduction of the Gibbs free energy.  An empirical measure for this driving force (i.e. the 

gradient in thermodynamic potential) is the out-of-balance Young-force, derived from 

equation (2.60): 

 ( ) ( ) ( )YFW sv sl lv lv sF cos cos cosγ γ γ θ γ θ θ⎡ ⎤∆ = − − = −⎣ ⎦  (2.63)

YFWF∆  is assumed to be compensated by the local fluid stresses, Figure 2.5.  This provides: 

 ( ) ( ) ( )2
0

Ts s YF WR
R s

C L Seg . l

T n e cos cos
v W e

εγ θ θ
ρ−

⎛ ⎞∂⎡ ⎤⋅ ⋅ ≈ ≈ −⎡ ⎤⎜ ⎟ ⎣ ⎦⎢ ⎥ ⋅⎣ ⎦ ⎝ ⎠
 (2.64)

YFWε  is again an empirical calibration constant.  Note that the fluid stresses vanish (no 

propulsion) as soon as the apparent contact angle attains static conditions, which intrinsically 

fulfills the static Young-Dupré equation for sufficiently long simulation times. 

ss
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R dRγ γ+ ∂γ

Free surface

 
 

Figure 2.5 Compensation of the Young force through fluid stresses at the contact line. 

 

[26] suggested a molecular kinetic wetting model (AWM) for liquid-liquid displacement, 

which understands wetting as an adsorption/desorption process of liquid molecules by the 

substrate.  The uncompensated Young-force is used as the driving force, where the 

dimensionless contact line velocity is derived as: 

 
( ) ( )0 2

0 0
,

0

cos cos2
sinh

2
sw dpl

CL Blake
B

v dU
v nk T We

θ θκ λ ρ⎧ ⎫−⎡ ⎤⎪ ⎪⎣ ⎦= ⎨
⎪ ⎪⎩ ⎭

⎬  (2.65)

0
wκ  is the molecular equilibrium displacement frequency of ( )11 110O s−  and dplλ  is the 

molecular displacement length, which can be approximated for copper to be 2.1 Å.  The 

number of adsorption sites  per unit area is for homogeneous surfaces just the squared n
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reciprocal of the displacement length ( 2n λ−= ).   and T  are the Boltzmann constant and 

the absolute temperature respectively.  Note that the contact line velocity in (2.65) is 

explicitly known herein since the static contact angle is provided by experiments and the 

dynamic contact angle is derived from the simulation due to the Lagrangian formulation.  

 is therefore not solved through the FEM-matrix system but used as a boundary 

condition, contrary to  defined in (2.62). 

Bk

,CL BlakeU

CLU

 Figure 2.6 shows the spreading evolution in time at ambient conditions for a 85 

micron toluene droplet deposited on a flat copper surface with 1.5 m/s ( 220Re = , 

) as recorded with a flashlight microscopy technique.  The experimental result is 

plotted next to the results obtained with the FEM program described above for different 

contact line models.  The no-slip condition fails to predict the dynamic and static behaviour of 

the process.  The Navier-slip condition (NSC) correctly predicts the steady-state spreading 

value but fails during wetting.  This can readily be explained with the missing inertia-force 

between the dimensionless times 

6 634We .=

0 4.τ =  and 2 8.τ = , when the droplet can be seen to recoil.  

Spreading is continued when the motion of the bulk liquid is again in direction of the 

substrate (downwards).  Contrary, the Young-force model, equation (2.64), and the adsorption 

model, equation (2.65), capture the dynamics and the stationary conditions well. 
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Figure 2.6 Comparison of different wetting models for toluene droplet (dimensionless 

spreading vs. dimensionless time). 

 

It is noteworthy that there appeared rather recently a number of useful extensions to equation 

(2.65) to consider the influence of viscosity and the strength of the solid-liquid interaction, 

[27], as well as electro-wetting effects on the contact line motion [28], which depend on only 

a few experimental parameters. 
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Although equations (2.64) and (2.65) predict the Gibbs driven spreading well, 

especially equation (2.65) assumes rather ad hoc the uncompensated Young force as the 

driving force of the adsorption mechanism since it is still unclear in the scientific community 

what the actual connection is.  Strictly speaking, the uncompensated Young force is not 

permitted by classical thermodynamics (therefore the name) also not in dynamic situations 

such as wetting, at least not if the characteristic process time is much lower than the time 

required to attain thermodynamic (quasi-) equilibrium.  It was seen that the fluid dynamics of 

spreading are rather accurately captured through the Navier-Stokes equations, which imply 

thermodynamic (quasi-) equilibrium.  The static contact angle as a material property, equation 

(2.60), should therefore be valid also in (sufficiently slow) dynamic wetting situations.  One 

has to note that we verbosely used the apparent contact angle up to now, i.e. the contact angle 

which is macroscopically observable.  Figure 2.7 sketches three scenarios of the contact line 

wedge: static (a), advancing (b) and receding (c).  It furthermore differentiates between the 

apparent advancing ( aθ ), the apparent receding ( rθ ) and the microscopic contact angle, which 

is kept constant at the theoretical static value ( 0
sθ ).  It is assumed that long range 

intermolecular forces from the substrate, acting within the grey shaded area, fix this value also 

during the motion of the contact line.  However, the liquid free surface can freely deform 

above the range of these forces.  This creates a negative curvature of the free surface with 

respect to the paper plane and the liquid side if 0
a sθ θ>  and a positive curvature if 0

a sθ θ< .  

This curvature change causes according to the Laplace equation (2.43) in turn also a change 

of the local fluid pressure.  It is 0p p<  for 0
a sθ θ>  and 0p p>  for 0

r sθ θ< .  A lower pressure 

in vicinity of the contact wedge implies a mass flow in the wedge, whereas a higher pressure 

causes the opposite.  A positive mass flux in the wedge provides finally the mass and the 

energy to move the contact line according to the mechanism leading to equation (2.65).  This 

connection was seen also in the simulations using equation (2.63): low wedge pressure 

implied spreading, whereas a high wedge pressure caused contact line arrest or receding.  This 

view agrees in addition with the presumed impact of the usually negative disjoining pressure 

in thin films: the lowering of the actual fluid pressure leads to a mass flux into the film, 

establishing finally a well wetting configuration. 
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Figure 2.7 Sketch of equilibrium contact angle and apparent dynamic contact angle 

 

After considering important boundary conditions in depth, the following section turns back to 

more technical aspects of the simulations. 

 

2.5. General numerical solution methods 
 

The Bach-Hassager iterative scheme is used for solving equations (2.16) - (2.18) describing 

the free surface flow, [6, 29].  The method incorporates an implicite backward Euler scheme 

for time integration.  Convergence is considered as being reached in the fluid mechanical part, 

when the relative changes of the velocities and pressure values are less than 0.1 percent 

between two iterations.  The energy equation (2.18) is solved as a sub-step, based on the 

velocities obtained at the end of the fluid-dynamic sub-step, using the Crank-Nicholson 

scheme.  To account for the coupling of momentum and energy equation through the 

temperature dependence of the surface tension, and in some cases also of the viscosity, the 

dimensionless maximum time step was chosen with 10-4 sufficiently small to avoid 

unacceptable errors in both, the fluid mechanical and the thermal solution.  A further 

reduction of the time step to decrease the maximal possible surface tension and viscosity 

variation within one time step did not show improved results but strongly increased the 

needed computing time.  Moreover, the maximum time step is automatically reduced in sub-

iterations if convergence problems occur.  The general solution procedure was extensively 

tested and compared to experimental results of free surface flows in previous work [5, 6, 30].  

A number of simulations were performed in order to ensure mass and energy conservation.  

For the mesh density and time step utilized, both mass and energy were conserved within a 

final error of less than 1% (without evaporation) compared to the initial values for all 

applications presented in the following chapters.  The simulations were conducted either on a 

Pentium III PC (1GHz), DEC workstation or a Pentium IV PC (3GHz). 1’000 time steps took 
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about 1h on the fastest machine (PIV) for 3’000 elements, whereby up to 150’000 time steps 

were performed for some cases. 

 

2.6. References 
 

1. A. J. Chorin, A numerical method for solving incompressible viscous flow problems 
(Reprinted from the Journal of Computational Physics, vol 2, pg 12-26, 1967), Journal 
of Computational Physics, 135, pp. 118-125, 1997 

2. D. S. Burnett, Finite Element Analysis - From Concepts to Applications, Reading, 
MA, Addison-Wesley Publishing Company, 1987 

3. R. Löhner, Applied CFD Techniques, New York, John Wiley & Sons Ltd., 2001 
4. D. W. Pepper and J. C. Heinrich, The Finite Element Method - Basic Concepts and 

Applications, Washington, Hemisphere Publishing Corporation, 1992 
5. J. M. Waldvogel, Transport Phenomena and Solidification in Picoliter Solder Droplet 

Deposition, Ph.D., Univeristy of Illinois at Chicago, Chicago, Il, 1995 
6. S. Haferl, Transport Phenomena during Molten Droplet Pile-Up in 

Micromanufacturing, Ph.D., Swiss Federal Institute of Technology Zurich, Zurich, 
2001 

7. W. Göpel and H.-D. Wiemhöfer, Statistische Thermodynamik, Münster, Spektrum 
Akademischer Verlag GmbH, 2000 

8. M. V. Berry, The molecular mechanism of surface tension, HH Wills Physics 
Laboratory, Bristol,  

9. H. T. Davis, Statistical Mechanics of Phases, Interaces, and Thin Films, Minneapolis, 
VCH Publisher, Inc., 1996 

10. L. D. Landau and E. M. Lifshitz, Fluid Mechanics, Oxford; New York, Pergamon 
Press, 1959 

11. L. E. Scriven and C. V. Sternling, Marangoni Effects, Nature, 187, pp. 186-188, 1960 
12. A. W. J. P. den Boer, Marangoni Convection: Numerical Model and Experiments, 

Technische Universiteit Eindhoven, Eindhoven, 1996 
13. P. Manneville, Rayleigh-Bénard convection, thirty years of experimental, theoretical, 

and modeling work, Laboratoire d'Hydrodynamique, Ecole polytechnique, Palaiseau 
cedex, 2000 

14. E. L. Koschmieder and S. A. Prahl, Surface-Tension-Driven Benard Convection in 
Small Containers, Journal of Fluid Mechanics, 215, pp. 571-583, 1990 

15. M. F. Schatz and G. P. Neitzel, Experiments on thermocapillary instabilities, Annual 
Review of Fluid Mechanics, 33, pp. 93-127, 2001 

16. J. Collier and S. M. Banerjee, Bénard Cells: A Model Dissipative System, University 
of Newcastle, Dep. of Philosophy, Callaghan, Australia, 1999 

17. J. S. Wicken, Evolutionary Self-Organization and Entropic Dissipation in Biological 
and Socioeconomic Systems, Journal of Social and Biological Structures, 9, pp. 261-
273, 1986 

18. P. Neogi, Tears-of-Wine and Related Phenomena, Journal of Colloid and Interface 
Science, 105, pp. 94-101, 1985 

19. R. Vuilleumier, V. Ego, L. Neltner and A. M. Cazabat, Tears of Wine - the Stationary 
State, Langmuir, 11, pp. 4117-4121, 1995 

20. D. E. Kataoka and S. M. Troian, Patterning liquid flow on the microscopic scale, 
Nature, 402, pp. 794-797, 1999 

 33



21. R. S. Singh, C. A. Grimes and E. C. Dickey, Fabrication of nanoporous TiO2 films 
through Benard-Marangoni convection, Materials Research Innovations, 5, pp. 178-
184, 2002 

22. A. Marmur and B. Krasovitski, Line tension on curved surfaces: Liquid drops on solid 
micro- and nanospheres, Langmuir, 18, pp. 8919-8923, 2002 

23. R. L. Hoffman, Study of Advancing Interface .1. Interface Shape in Liquid-Gas 
Systems, Journal of Colloid and Interface Science, 50, pp. 228-241, 1975 

24. E. B. Dussan and S. H. Davis, Motion of a Fluid-Fluid Interface Along a Solid-
Surface, Journal of Fluid Mechanics, 65, pp. 71-96, 1974 

25. T. A. Baer, R. A. Cairncross, P. R. Schunk, R. R. Rao and P. A. Sackinger, A finite 
element method for free surface flows of incompressible fluids in three dimensions. 
Part II. Dynamic wetting lines, International Journal for Numerical Methods in Fluids, 
33, pp. 405-427, 2000 

26. T. D. Blake and J. M. Haynes, Kinetics of Liquid/Liquid Displacement, Journal of 
Colloid and Interface Science, 30, pp. 421-423, 1969 

27. T. D. Blake and J. De Coninck, The influence of solid-liquid interactions on dynamic 
wetting, Advances in Colloid and Interface Science, 96, pp. 21-36, 2002 

28. T. D. Blake, A. Clarke and E. H. Stattersfield, An investigation of electrostatic assist 
in dynamic wetting, Langmuir, 16, pp. 2928-2935, 2000 

29. P. Bach and O. Hassager, An Algorithm for the Use of the Lagrangian Specification in 
Newtonian Fluid-Mechanics and Applications to Free-Surface Flow, Journal of Fluid 
Mechanics, 152, pp. 173-190, 1985 

30. D. Attinger, An Investigation of Molten Microdroplet Surface Deposition: Transient 
Behavior, Wetting Angle Dynamics And Substrate Melting Phenomenon, Ph.D., 
Swiss Federal Institute of Technology Zurich, Zurich, 2001 

 

 34



3. Marangoni and variable viscosity phenomena in picoliter size solder 
droplet deposition 

 

3.1. Introduction 

 

Free surface flows with thermal transport play an important role in a wide range of modern 

technical applications, such as spray deposition, injection, casting, welding, soldering or 

extrusion processes, [1].  In this context, the deposition of molten picoliter size solder droplets 

with diameter O(100µm) upon a flat conductive substrate is examined, thereby focusing on 

the effects of a temperature dependence of surface tension (temperature-induced Marangoni 

effect) and viscosity.  A sketch of the deposited droplet is depicted in Figure 3.1. 

 

Splat

z,Z

r,R

S SubstrateInterface layer

S/Smax = 0

S/Smax = 1

 
 

Figure 3.1 Sketch of the impingement process. 
 

Earlier numerical and experimental investigations have shown that the impact velocity and 

surface tension are important parameters determining the fluid mechanical behavior of the 

droplet upon impact within the parametric domain of solder jetting processes, [2, 3].  The low 

impact velocities of O (1m/s) ensure that no splashing occurs.  Considering the importance of 

surface tension for the problem, a variable surface tension may change the spreading behavior 

of the droplet markedly. 

Numerous literature sources reflect the need for further clarification of both, 

temperature- and concentration-induced Marangoni effects, especially in small-scale 

applications.  [4] identified experimentally a reduced wetting of a silicone droplet on a flat 

substrate caused by Marangoni velocities at the free surface, which entrain surrounding air 
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between the droplet and the substrate.  Solutal Marangoni convection is presumed to be of 

crucial importance in solidification processes leading to phase separation or to local 

concentration changes in alloys, [5].  [6] observed enhanced melting in molten metal drops 

due to temperature-induced Marangoni convection with Ma of O(105) and [7] reported that 

internal droplet flows are often caused by surface tension forces rather than by buoyancy 

forces.  These authors explicitly stated a significant influence of Marangoni convection on the 

fluid dynamics of the molten metal, even for rather small Marangoni numbers.  [8] discussed 

the spreading of droplets on a horizontal plate under the presence of thermocapillary forces, 

based on the lubrication theory.  This work was extended by [9] to account for solutal 

Marangoni effects in Pb-Sn alloy droplets with Ma of O(10-1) – O(10-2).  Both investigations 

reported a reduced spreading if the droplet is heated from the substrate underneath.  The 

accurate prediction in spreading and of the solidified droplet shape is of importance in many 

applications in microchip manufacturing to ensure the reliability of the process, [10].  To the 

best of our knowledge no work on inertia dominated droplet impact flow combined with 

Marangoni convection has yet been presented in the open literature. 

Here we focus on the effect that surface tension (Marangoni phenomenon) and 

viscosity dependence on temperature has on the spreading, transient behavior and final post-

solidification shape of a molten Sn63Pb solder droplet deposited on a flat substrate.  The 

FEM-based microfluidic model outlined in chapter 2 is utilized for the description of the 

droplet behavior.  Linear temperature dependence for the surface tension and an exponentially 

decreasing dependence for the viscosity are assumed.  The initial droplet temperature is varied 

in 50K steps from 200ºC to 500ºC, whereas the substrate temperature is kept constant at 25ºC.  

This varies the initial Reynolds number Re0 from 360 to 716 and the Marangoni number Ma 

from –9 to –49.  The initial Weber number We0 and initial Prandtl number Pr0 are for all cases 

O(1) and O(10-2), respectively.  The impact velocity and the droplet diameter remain 

unchanged in all cases examined at 1.5 m/s and 80 microns. 

A major finding of the work is that, contrary to intuition, the Marangoni effect 

decreased droplet spreading monotonically.  Due to the Marangoni effect, the mechanism that 

arrested spreading is the surface tension and not the beginning of freezing.  Droplet receding 

during recoiling was aided by the Marangoni effect.  The change of viscosity with 

temperature is seen to slightly weaken the effect of the thermocapillary force at the contact 

line, but the influence on the outcome of the droplet impact is not significant. 

 

 36



3.2. Extensions to microfluidic model 

 

We concentrate in the following on the thermocapillary effect, since Sn63Pb is an eutectic 

alloy, assuming herein that the surface tension / temperature relation is linear, see chapter 2.3.  

Gradients in surface tension caused by marked concentration fluctuations through a non-

eutectic solidification or by an electrical potential involved are neglected. 

The maximum values of the two terms on the right hand side of the Laplace equation 

(2.56) will be estimated and compared for the case of highest superheat temperature to 

estimate the relative importance of the Marangoni effect.  The first term will be referred to as 

Laplace term, the second as Marangoni term.  Using the first Frenet formula for curvature, 

one finds for the Laplace term: 

 

1 1 12 Z Zt tH t ' n t '
W e W e R W e R

⎛ ⎞
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⎝ ⎠
 

                                               1 1
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(3.1)

where  denotes the tangential vector along the surface with arc length s and its z-component 

t

t

z.  The primes denote again differentiation with respect to the arc length.  The minimum 

radius Rmin is equal to the grid size, here equal to ∆smin = 0.02.  For the case  the z-

component of the tangential vector also vanishes due to the symmetry condition.  Applying de 

l’Hôpital’s rule: 

0→R
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The last expression in equation (3.2) refers to the fact that the tangential vector can at most 

change its direction by 120° from one element node to the other, Figure 3.2. 
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30º

60º
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Figure 3.2 Maximum change of tangential vector. 
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It is assumed that the largest resolvable free surface curvature is the curvature of a circle 

enclosing one triangular element.  However, with this and equation (3.2) one can estimate: 

 ( )1 1 1 22 2
m ax

m in

H t '
W e W e W e s

≤ ≈
∆

3  (3.3)

The following inequality is valid for the Marangoni term: 
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The maximum temperature  which can occur is equal to 1.  With this one finds for the 

ratio between the Laplace and the Marangoni term: 

maxΘ
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Equation (3.5) indicates that the Laplace term and the Marangoni term are often of the same 

order of magnitude, especially if the strong overestimation of the Laplace term in equation 

(3.3) is taken into account.  Therefore, incorporating the Marangoni effect in the model is 

worth pursuing. 

 Based on the microscopic approaches for surface tension and viscosity of [11] and 

[12], [13] pointed out that there is a fixed relation between surface tension and viscosity, since 

they have similar microscopic origins: 

 
16
15 B

m
k T

η γ=  (3.6)

T is the absolute temperature;  is the Boltzmann constant and m the atomic mass.  Equation 

(3.6) suggests that the viscosity dependence on temperature should be considered as well if 

the surface tension variation with temperature is accounted for.  Substituting Macleod’s 

formula 2.54 into equation (3.6) provides: 

Bk

 ( )21 4 3 4/ /
Cconst T T Tη −= −  (3.7)

Experiments suggest to assume an exponential function for viscosity in the range of a 

reference point with viscosity refη  and viscosity coefficient κ , equation (3.8):  

 ( )ref refexp T Tη η κ⎡ ⎤= − −⎣ ⎦  (3.8)

[14] discussed a more sophisticated approach for viscosity especially for alloys, in particular 

solder.  It is based on the work of [15] and can be cited as follows: 

 ( )Solder Pb Sn Sn P bxη η η η= + −  (3.9)
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This set of equations provides the viscosity of solder in [Pa·s] for the case where the 

temperature T is in [°C].  Figure 3.3 shows a comparison between equations (3.7), (3.8) and 

(3.9) for solder Sn63Pb and the parametric domain of 180°C to 500°C.  Good agreement 

between the microscopic approach using Fowler’s and Born’s derivations (equation (3.7)) and 

the exponential equation for viscosity (equation (3.8)) is found.  The more sophisticated 

approach for mixtures (equation (3.9)) deviates somewhat from the two previous equations, 

particularly in the temperature range close to the solidification temperature where it 

emphasizes the increase in viscosity.  The general agreement between the microscopic and the 

macroscopic approach validates the microscopic approach, which leads surface tension and 

viscosity back to the same intermolecular origin.  This justifies the simultaneous consideration 

of the temperature dependence of surface tension and viscosity in this study.  Equation (3.9) 

was implemented in the simulations since it provides the most realistic approximation of 

viscosity progression within the temperature domain considered, especially close to the 

solidification temperature. 
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Figure 3.3 Comparison of different correlations for viscosity 
a) equation (3.7), b) equation (3.8), c) equation (3.9) 
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Despite its wide employment in the manufacturing of electronics, it is cumbersome to find 

complete tables of thermophysical data for solder Sn63Pb.  However, the thermophysical 

properties used in this investigation and provided in Table 3-1 for a reference temperature of 

260°C are carefully chosen and attuned to several literature sources, [16-20]. 

 
 Density Viscosity Surface 

Tension 

Surface 

Tension Slope 

Specific 

Heat 

Capacity 

Thermal 

Conductivity 

Latent Heat 

of Fusion 

Melting 

Point 

         

Symbol ρ  
refη refγ ( )T refd γ  pc  λ  L  mT  

         

Unit [kg/m3] [Pas] [mN/m] [mN/mK] [J/kgK] [W/mK] [J/kg] [°C] 
         

Liquid 8218 0.002237 498.53 -0.214 238 25 42000 183 
         

Solid 8240 - - - 176 48 42000 183 
 

Table 3-1 Thermophysical properties of eutectic solder Sn63Pb. 
 

The solidification process was numerically modeled by setting the velocities to zero when a 

grid point reached the solidification temperature.  The release of the latent heat of freezing 

was incorporated utilizing the ‘exact specific heat method’ [21].  An inert gas atmosphere was 

assumed to suppress oxidation of the free surface, as it is indeed the case in solder jetting (free 

surface oxidation would effect the Marangoni convection as mentioned by [22]). 

 The Navier-slip condition, equation 2.62, is applied at the contact line to prevent the 

singularity outlined in section 2.4.  It is hereby assumed that wetting effects are negligible and 

that freezing occurs before the droplet fulfills a significant recoiling motion.  The latter led to 

the discrepancy shown in Figure 2.6.  The Navier-slip parameter slipε  is set to the order 

. ( )310O −

 

3.3. Parameter variations 

 

In order to investigate the effects which the temperature dependence of surface tension and 

viscosity has on the spreading, the transient behavior as well as on the end shape of the 

droplet, simulations were performed utilizing different values of droplet superheat.  The initial 

droplet temperature was changed from 200°C to 500°C in steps of 50K, causing other 

parameters to change as well, according to their definition in section 3.  The droplet impact 

velocity was kept constant at 1.5 m/s and the liquid pressure is initially set to the Laplace 

pressure: 

 40



 
0

4
o ,LPCP

We
=  (3.10)

The initial droplet diameter also remained unchanged at the typical value for solder jetting of 

80 µm.  However, due to the change of the initial droplet temperature, the initial Reynolds, 

Weber and most importantly the Marangoni number changed from case to case.  Table 3-2 

summarizes the simulations performed and the corresponding parameter values. 

 
Run )(Tf=µ  0,1T  refΘ  mΘ  SHP  refRe  refWe  refMa  

  [°C] [-] [-] [-] [-] [-] [-] 
         

A1 No 200 1.3429 0.9029 0.09189 360.97 2.8927 0 

A2 No 200 1.3429 0.9029 0.09189 360.97 2.8927 -9 

A3 Yes 200 1.3429 0.9029 0.09189 360.97 2.8927 -9 
         

B1 No 250 1.0444 0.70222 0.29778 427.65 2.9545 0 

B2 No 250 1.0444 0.70222 0.29778 427.65 2.9545 -13 

B3 Yes 250 1.0444 0.70222 0.29778 427.65 2.9545 -13 
         

C1 No 300 0.85454 0.57455 0.42545 491.85 3.019 0 

C2 No 300 0.85454 0.57455 0.42545 491.85 3.019 -19 

C3 Yes 300 0.85454 0.57455 0.42545 491.85 3.019 -19 
         

D1 No 350 0.72308 0.48615 0.51385 552.78 3.0864 0 

D2 No 350 0.72308 0.48615 0.51385 552.78 3.0864 -25 

D3 Yes 350 0.72308 0.48615 0.51385 552.78 3.0864 -25 
         

E1 No 400 0.6267 0.42133 0.57867 610.25 3.1569 0 

E2 No 400 0.6267 0.42133 0.57867 610.25 3.1569 -33 

E3 Yes 400 0.6267 0.42133 0.57867 610.25 3.1569 -33 
         

F1 No 450 0.55294 0.37177 0.62824 664.98 3.2307 0 

F2 No 450 0.55294 0.37177 0.62824 664.98 3.2307 -40 

F3 Yes 450 0.55294 0.37177 0.62824 664.98 3.2307 -40 
         

G1 No 500 0.49474 0.33263 0.66737 716.17 3.308 0 

G2 No 500 0.49474 0.33263 0.66737 716.17 3.308 -49 

G3 Yes 500 0.49474 0.33263 0.66737 716.17 3.308 -49 
 

Table 3-2 Parameter variations 

 

In Table 3-2,  is the so-called superheating parameter, which states the degree of 

superheating of the droplet above its melting temperature  of 183°C, equation (3.11). 

SHP

mT

 
0201

01

,,

m,

TT
TT

SHP
−
−

=  (3.11)
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1 0,T  and  are the reference temperature for the droplet and the substrate respectively.  

 is the dimensionless melting temperature and 

2 0,T

SHPm −=Θ 1 refΘ  is the dimensionless 

reference temperature corresponding to the dimensional value of 260°C. 

 

 

3.4. Influence of thermal Marangoni effect 

 

Considering the droplet post-solidification shapes in Figure 3.4, every figure compares the 

end shapes of three cases: One with constant (independent of temperature) surface tension and 

viscosity (bold dotted line), one involving only the Marangoni effect (thin dashed line) and 

the third accounting for both, a change of surface tension and viscosity with temperature (bold 

solid line).  The spreading for the constant property cases increases slightly with droplet 

superheat but is practically constant.  This has to be expected since the increasing wettability 

with higher temperature is not modeled by the Navier-slip boundary condition as mentioned 

earlier.  On the other hand, the spreading decreases by approximately 20% (and with this the 

contact area by up to 34%) between 200°C and 500°C initial droplet temperature if a variation 

of both properties with temperature is included, Figure 3.4.  Plotting the contact line radius x-

contact versus the absolute Marangoni number, -Ma, shows a decreasing trend of the spread 

radius with increasing Marangoni effect, Figure 3.5, whereby the case without Marangoni 

effect is the one for .  This indicates that the thermocapillary forces cause the 

reduced spreading.  The small deviations from the main trend in some cases shown in Figure 

3.5 have the order of the side length of one element, which is within the numerical accuracy 

of the spreading prediction due to the specific node attachment procedure to the substrate as 

outlined before and as in [23].  The change in spreading also influences the final shape of the 

droplet: Increased spreading accumulates mass in the outer regions close to the substrate, 

whereas reduced spreading enhances the recoiling and the final height of the solidified 

droplet.  Following this trend, the end shapes for the constant property cases are wider and 

flatter, whereas the droplet final shapes for the temperature dependent properties are narrower 

and taller.  The change of viscosity slightly damps the effect of the Marangoni phenomenon 

on the spreading, which will be reasoned after providing an explanation of the droplet 

receding with increasing Marangoni effect. 

1 0 200,T = °C
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Figure 3.4 Change of spreading with increasing droplet superheat (bold dotted line: 
constant viscosity and surface tension; thin dashed line: constant viscosity and 
variable surface tension; bold solid line: variable viscosity and surface tension). 
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Figure 3.5 Spreading versus absolute Marangoni number. 
 

The reduced spreading with increasing absolute Marangoni number is a counter-intuitive 

result.  One can easily verify with the Laplace equation (2.56) that the direction of the 

Marangoni force points towards the substrate, since the Marangoni number is negative and the 

temperature gradient is positive.  In other words, the surface temperature is lower closer to the 

substrate causing a higher surface tension and a pulling force directed to the substrate.  One 

would expect a surface flow in the direction of the contact line, thereby accumulating mass 

and actually enhancing the spreading.  In fact the opposite is observed, spreading is reduced.  

To further clarify this counter-intuitive result and the influence of the Marangoni effect on the 

droplet spreading, a detailed investigation of the vorticity evolution ω  inside the droplet was 

performed. 

The vorticity, equation (3.12), was calculated with a finite element approach and a 

linear interpolation function for each element, equation (3.13). 

 UV ZR ∂−∂=ω  (3.12)
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The vorticity of a node surrounded by n elements was equated to the area average of the 

vorticities of the surrounding elements: 
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Figure 3.6 shows the vorticity and the relative change of surface tension, G, along the droplet 

surface for constant, a), and variable, b), surface tension and viscosity, respectively. 

 100ref

ref

G %
γ γ
γ
−

= ×  (3.15)

The surface length (arc length) starts from the contact line (S/Smax = 0) and ends at the 

centerline of the droplet (S/Smax = 1).  The case chosen corresponds to maximum superheat at 

a dimensionless time τ = 0.3.  The strong correlation between the Marangoni force and 

vorticity across the surface is clearly observed.  The Marangoni effect reduces the vorticity to 

even negative values at the free surface close to the contact line. 

a) 

Surface Length S/Smax [-]

V
or

tic
ity

W
[-]

D
ev

ia
tio

n
fro

m
R

ef
.S

ur
fa

ce
Te

ns
io

n
G

[%
]

0 0.2 0.4 0.6 0.8 1-24

-16

-8

0

8

16

24

32

-1.5

-1

-0.5

0

0.5

1

1.5

2
Surface Vorticity
Surface Tension

 

b) 

Surface Length S/Smax [-]

V
or

tic
ity

W
[-]

D
ev

ia
tio

n
fro

m
R

ef
.S

ur
fa

ce
Te

ns
io

n
G

[%
]

0 0.2 0.4 0.6 0.8 1-24

-16

-8

0

8

16

24

32

-8.5

-8

-7.5

-7

-6.5

-6

-5.5

-5
Surface Vorticity
Surface Tension

 
 

Figure 3.6 Vorticity and relative change in surface tension at time 0 3.τ =  for a) invariant, 
and b) variant thermal properties (Ma = -49). 

 

This observation enables us to provide an explanation for the reduction of spreading with 

increasing Marangoni effect: The Marangoni force is surely directed towards the substrate but 

instead of causing an actual mass flow towards the contact line it only initiates a clockwise 

fluid rotation close to the free surface.  This is understandable since the magnitude of radial 

flow inertia is large compared to the Marangoni effect, even for large absolute values of the 

Marangoni number.  The peak in vorticity at length S/Smax = 0.5 is caused by a strong change 

in the curvature of the droplet surface.  This is further verified with the right hand side of 

Figure 3.7 a), where a depiction of the surface velocity vectors is provided for the same 

superheat and time step.  Fluid above the surface buckling (S/Smax = 0.5) is still moving 

downward, whereas fluid below this region is already deflected by the impact on the 

substrate, causing a rapid change of the velocity direction (i.e. a strong vorticity).  Examining 

several frames at different time steps (not shown here for brevity), it was determined that this 
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point of changing curvature also marks the end of a surface wave.  This wave travels along 

the surface towards the centerline.  It also explains the slightly deviated velocity vectors on 

the surface above the point of changing curvature compared to those inside of the fluid, which 

are still on an undisturbed downward travel in the Z-direction.  Neither the travel speed nor 

the amplitude of this wave is affected by the Marangoni effect. 
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Figure 3.7 a) Illustration of spreading mechanism (left) and surface velocity vectors 
(right) at time 0 3.τ = . 

b) Vorticity field without Marangoni effect, 0 3.τ = . 
c) Vorticity field with Marangoni effect, 49Ma = − , 0 3.τ = . 
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It is actually easier to first focus on the case without Marangoni effect to further understand 

the mechanism affecting the spreading behavior of the droplet:  The vorticity at the free 

surface is slightly positive for this case, as it can be seen in Figure 3.7 b), whereas the 

vorticity of the fluid in the wall region is always negative for all cases, independent whether 

the Marangoni effect is incorporated or not, since it is initiated by the wall friction.  These 

counter-rotating vorticity regions entrain fluid, which they squeeze and direct towards the 

contact line region, as it is illustrated on the left hand side of Figure 3.7 a).  On the other hand, 

the positive vorticity at the free surface cannot be seen in the case accounting for the 

Marangoni effect: Figure 3.7 c) shows the vorticity field for Ma = -49 at the same time step as 

in Figure 3.7 b), τ = 0.3.  Thermocapillary forces weaken therefore the effect of fluid 

entrainment to the contact line, since the vorticity at the free surface in the contact area is 

changed to negative values.  The clockwise rotation of the flow in this case acts against the 

oncoming inertia flow, hence opposing the radial flow.  This mechanism causes a reduction in 

droplet spreading as observed in Figure 3.4 and Figure 3.5. 

 As mentioned earlier, a temperature dependent viscosity reduces the effect of the 

Marangoni force on the spreading behavior.  It is important to point out that a reduced 

viscosity compared to the constant viscosity cases exists dominantly in the upper droplet 

region.  The tangential direction of the stress balance at the free surface, equation (2.56), 

reads: 

 
0

1 s sMa
Re Re

γ = − ∇ Θ ,     ( )s
n t Vγ = ∂ ⋅ ,    ( )  ( )t. d .≡

i

(3.16)

sγ  denotes the dimensionless shear velocity tangential to the free surface.  Increasing the 

initial temperature difference between the drop and the substrate increases the absolute 

Marangoni number, which is compensated with an elevated shear velocity.  The viscosity in 

the upper droplet region is lower (higher Reynolds number) for the variable viscosity cases 

than for the constant viscosity cases.  The thermocapillary-induced shear velocity in this 

region is therefore higher compared to a constant viscosity to compensate for the Marangoni 

stress.  This is believed to cause a mass flux from the droplet top to the contact line region, 

weakening the reduction in spreading with increasing Marangoni effect. 

Considering the freezing time of the contact line (i.e. the time when the contact line is 

arrested by freezing) in Figure 3.8 a), one can see that the contact line is still moving up to 

three times longer for the highest Marangoni number compared to the lowest Marangoni 

number.  The effect of variable viscosity is not significant.  On the other hand, this increase in 
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arrest time of the contact line is less distinct for the cases excluding the Marangoni effect, 

Figure 3.8b).  This leads to the assumption that the strong surface vorticity caused by the 

Marangoni force close to the substrate extends the motion of the contact line to longer times 

through additional convective heat flux to the contact area, delaying the beginning of freezing. 
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Figure 3.8 a) Contact line freezing time versus absolute value of Marangoni-number. 
b) Contact line freezing time versus superheat temperature. 

 

This statement is supported by Figure 3.9 a), showing the temporal contact line evolution for 

the highest superheat temperature.  The spread radius for cases with and without Marangoni 

force has an almost identical development until the time τ = 0.5.  The droplet recoiling starts 

after this time value, Figure 3.9 b).  It is only for the Marangoni cases that the recoiling leads 

to a strong receding of the droplet and to a reduction of the spread radius.  Hence, the 

thermocapillary forces seem to promote this droplet receding during recoiling. 

Table 3-3 reports the mechanism found for the contact line arrest (end of spreading) 

for different Marangoni numbers.  The onset of freezing stops spreading for the cases with 

small absolute Marangoni numbers since no significant recoiling occurs.  This is the same 

behavior as for cases without the Marangoni effect and therefore expected to eventuate.  In 

contradiction, the stronger thermocapillary forces for larger absolute Marangoni numbers lead 

to a strong droplet recoiling after the first spreading and especially before freezing can occur.  

The mechanism that arrests spreading for larger absolute Marangoni numbers is therefore the 

surface tension instead of the beginning of freezing. 
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Figure 3.9 a) Droplet spread radius. 
b) Droplet top center of symmetry as a function of time τ . 

 

Ma Contact line arrest due to freezing Contact line arrest due to surface tension 

0 ●  

-9 ●  

-13 ●  

-19 (●) (●) 

-25  ● 

-33  ● 

-40  ● 

-49  ● 
 

Table 3-3 Reason for contact line arrest upon spreading 
 

As outlined in the previous paragraph, the Marangoni effect influences primarily the droplet 

spreading and the initial recoiling phase, until the dimensionless time is approximately 1.0.  

Figure 3.10 shows the time evolution of surface temperature, a), and surface tension, b), from 

τ = 0.1 to τ = 1 along the surface length for the case of variable surface tension and viscosity 

and for the highest superheat temperature.  It is demonstrated that a noticeable temperature 

and surface tension gradient exists primarily only close to the substrate, initially imposed by 

the boundary conditions.  The local droplet temperature and with it the surface tension are 
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approaching uniform values as time increases.  This corresponds to a progressively decreasing 

Marangoni effect. 
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Figure 3.10 Evolution of surface temperature (a) and surface tension (b) in time. 
 

The surface temperature along the surface length is increasing monotonically with arc length 

for all times considered except for τ = 0.6.  In this case, the surface temperature increases 

within the range S/Smax = 0 till S/Smax ≈ 0.6, whereas it decreases again beyond S/Smax ≈ 0.6.  

This behavior can be understood when the droplet shape for this time step is considered, 

Figure 3.11.  The droplet is at the end of the initial spreading process and starts to recoil.  The 

surface region close to the symmetry axis (S/Smax ≈ 1) is thereby closer to the colder substrate 

than the surface at intermediate values of S/Smax.  Due to the cooling effect of the substrate, 

the maximum in surface temperature does not occur at the center of symmetry. 
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Figure 3.11 Streamlines and isotherms in droplet at 0 6.τ = . 
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3.5. Conclusions 

 

In this chapter a numerical investigation was presented studying the effects of 

thermocapillarity and viscosity variation with temperature for the deposition of picoliter size 

solder droplets on a flat substrate.  Properties of eutectic Sn63Pb were employed because of 

its wide spread use for electrical joints.  Counter-intuitively, a reduced spreading with 

increasing absolute Marangoni number was found (the surface tension maximum occurs in the 

region of the contact line).  This finding was explained through the emergence of strong 

negative vorticity at the free surface in the contact area instead of the moderate positive 

vorticity observed when no thermocapillary forces were present.  Previous studies of a 

monotonic droplet spreading without initial inertia showed in principal the opposite behavior.  

Hence, one should not in general study inertia and thermocapillary effects on droplet 

spreading separately and then superimpose the solutions, i.e. both phenomena are coupled in a 

non-linear fashion.  The motion of the contact line in time was shown to be a function of the 

Marangoni number as well.  The initial spreading was limited due to surface tension forces for 

large absolute Marangoni numbers, whereas the contact line was arrested by the onset of 

freezing for small absolute Marangoni numbers.  Thermocapillary forces support droplet 

receding after the initial spreading, which also leads to a stronger recoiling phase.  The final 

post-solidified droplet shapes were shown to be narrower and taller for large absolute 

Marangoni numbers (smaller contact area affecting bonding) compared to the constant surface 

tension cases.  A variation in viscosity was shown to slightly damp the influence of the 

Marangoni phenomenon on the spreading behavior. 
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4. Technical applications of surface tension driven motion in simple liquids 
 

4.1. Introduction 
 

Several techniques have emerged to control small-scale flows, such as electro-osmosis and 

electro-dynamic pumping, [1].  As discussed in the first chapter, microfluidic applications are 

dominated by interfacial effects.  Researchers increasingly learn to use this condition 

beneficially, such as in electro-wetting or thermocapillary flow.  Electro-wetting is applicable 

to conducting liquids deposited on an insulating substrate, separating the liquid from a counter 

electrode.  Applying a voltage V  between the liquid and the counter-electrode leads for 

moderate voltages to a decrease in the local contact angle according to the Lippmann 

equation, [2, 3]: 

 ( ) ( ) 201
2sV sY

lv

cos cos Vε εθ θ
γ δ

= +  (4.1)

sYθ  is the static Young’s contact angle for zero voltage, 0ε  is the permeability of vacuum, ε  

and δ  are the dielectric constant and thickness of the insulator, respectively.  Electro-wetting 

can be used to pump nano- to micro-liter amounts of liquid, [4], or to drive micro-motors, [5].  

[6] measured with the principles of electro-wetting the static and dynamic contact angle, 

whereas [7] studied the oscillatory behavior of capillary bridges induced by electric fields.  

Philips Research recently announced a micro-lens, which modulates its focus through a 

curvature change of a liquid-liquid interface by electro-wetting, [8].  The utilization of 

patterned counter-electrodes in combination with electro-wetting can mimic a chemically 

patterned surface [9], influencing the direction of liquid motion.  In addition, such a kind of 

approach can be extended to arrays of small counter-electrode-patches which can be 

arbitrarily activated and deactivated.  If controlled in a proper fashion, the liquid is moved 

freely on top of the substrate.  As a side note, electro-wetting can easily be incorporated in the 

frame work of the current FEM solver with a modification of equation (2.65) as suggested in 

[10]. 

 Thermocapillarity induced motion finds application in pumping devices, [11], or in 

optical switches, where a liquid parcel is moved by thermally induced surface tension 

modulation, [12].  In the optimal and limiting case of no contact line hysteresis, the liquid 

moves with a velocity of (circular tube): 
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 ( ) ( )
8drop , T T
Dv d cos
L

γ θ
η∆ = ∆T  (4.2)

D  is the tube diameter,  the droplet length and L T∆  the applied temperature difference 

along the drop.  In addition, thermocapillarity can help to prevent wetting of droplets on flat 

substrates, [13], whereas capillary itself can support the fine-tuned assembly of micro-

structures, [14].  Combination of thermocapillarity with chemical patterning of the substrate 

into hydrophilic and hydrophobic stripes is another option to use the local liquid-solid 

interaction for transport applications as shown in [15]. 

 An interesting path to move small amounts of liquid is the “free running droplet” 

method studied by [16]: small droplets containing silane as a surface-active agent move self-

supported on a flat or even uphill of an inclined plate once initially pushed in one direction.  

The silane is hereby preferentially adsorbed to the surface in areas of increased surface 

heterogeneity (ideally caused by previously adsorbed silane).  The higher silane surface 

concentration comes along with a locally increased hydrophobic surface property and an 

increased wetting angle.  The change in contact angle with respect to the surface without 

silane causes an uncompensated Young-force, which drives the droplet approximately with 

the velocity of [16]: 

 
( ) ( ) ( )6

* adv reclv
drop P Av tan cos cos

l
γ θ θ θ
η

⎡ ⎤= −⎣ ⎦ , 

                ( ) ( ) ( )2 * adv rec
P Acos cos cosθ θ θ= +  

(4.3)

l  is a logarithmic calibration constant, adv
Pθ  is the advancing hydrophilic (polar) and rec

Aθ  is 

the receding hydrophobic (apolar) contact angle in plate areas with a large silane 

concentration grafted to the surface. 

 At last, [17] elucidated the thermodynamic feasibility of thermal machines based on 

the surface energy of wetting and gave a thorough thermodynamic analysis.  They denoted 

surface tension, the contact angle and the temperature dependence of both as the describing 

intensive state variables instead of the pressure, volume and temperature for regular sized 

thermal engines.  The mechanical work extractable from these wetting-based thermal 

machines can be visualized in a surface tension/area diagram, in complete analogy to the 

pressure/volume diagram of common thermal energy converters.  The energy density with 

respect to volume is significantly higher than in common machines due to the absence of 

evaporation in the working cycle.  However, the energy density with respect to mass is in turn 

rather low as well as the power output (i.e. energy per unit time). 
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 In light of these ‘smart’ utilizations of interfacial effects, this chapter is devoted to a 

few novel concepts of microfluidic devices and machines based on thermocapillarity.  Focus 

is made on applications which are ‘off the beaten track’, i.e. go beyond the common pumping 

function.  At first, a numerical study of a thermocapillarity-induced deformation of a liquid 

bridge is presented, followed by some related experimental work on capillary bridges of plain 

and emulsion liquids.  Two exemplary technical applications are briefly discussed.  Finally, 

the concept of a droplet engine using the Marangoni effect as a working principle is 

elucidated, in conjunction with a semi-analytical thermodynamic analysis and an attempt of 

experimental validation. 

 

4.2. Capillary bridge 
 

The dynamics of capillary liquid bridges have recently experienced a revival of scientific 

interest due to new experimental methods and its versatility for novel technical application in 

the area of microfluidics.  Most studies are concerned with capillary bridges between flat and 

curved surfaces, [18, 19], which are actuated by simple stretching, [20, 21], electrowetting 

and electric fields, [22], or temperature gradient induced Marangoni effects, [22, 23].  Other 

studies focus on the processes occurring during reversible separation or irreversible snap-off 

of the capillary bridge, [24, 25]. 

In this section, the thermocapillarity-induced deformation and separation of capillary 

bridges is investigated numerically and experimentally.  The bridges are formed either by a 

pure (simulation/experiment) or an emulsion liquid (experiment) and the substrate 

combinations used are either both hydrophilic (simulation/experiment) or 

hydrophilic/hydrophobic (experiment).  Feasible technical applications such as electric power 

generation or selective optical switches are briefly discussed. 

 

4.2.1. Simulation of a thermocapillarity-induced capillary bridge deformation 

 

The FEM-simulation tool outlined in chapter 2 was adjusted for the capillary bridge 

configuration.  Besides the inclusion of an upper wall, condition (2.65) was applied to the 

upper and lower contact line.  Simulation were conducted with the thermophysical properties 

of copper for the substrates and those of water for the liquid phase [26, 27]; evaporation was 

however not included as well as gravity.  In the beginning, the capillary bridge has a 
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cylindrical shape, where the diameter equals the (characteristic) height.  The Weber number 

 equals 3.0 and the Marangoni number We Ma  is -8.0 for a gap distance of 1mm and a 

characteristic velocity of 0.4 m/s.  The Reynolds number is underestimated for solver stability 

with 150 0Re = . .  The liquid is initially at rest and at ambient conditions, whereby the internal 

pressure is initialized with the Laplace pressure, equation (3.10).   (see equation (2.11)) is 

set to the boiling point of water (373K) and  is set to ambient 298K.  After the capillary 

bridge has attained equilibrium shape (Figure 4.1 a), the bridge is suddenly heated from 

below, i.e. the wall temperature jumps from ambient conditions to 343K (70°C).  In Figure 

4.1, shown are contours of dimensionless temperature; blue color (upper wall) indicates zero 

temperature (ambient) and red (lower wall) equals 0.6.  The Marangoni effect generates a 

surface wave (b–d), which transports mass to the upper wall.  This mass transport is further 

continued, whereby the bridge forms a bottle neck (e-g).  At last, a thin filament is left in 

vicinity of the upper substrate, for which the continuum assumption breaks down (h).  This 

narrow neck is dominated by molecular effects, which requires an additional model to 

accurately predict the rupture of the bridge.  This was not implemented in this work due to the 

lack of reliable models.  The apparent violation of the axis-symmetric condition for the 

temperature profiles in e) and f) is due to a locally coarse grid combined with large radial 

temperature gradients.  However, it is not believed that this inaccuracy alters the process 

significantly. 

1 0,T

2 0,T

A direct comparison with experiments could not be achieved so far.  This is due to the 

strong evaporation of water at elevated temperatures, a feature not considered in the 

simulation.  Also, the surface tension of plain water is known to degrade in reality through 

contamination.  Running the experiments under saturated conditions did not succeed as well 

due to condensation on the cooled upper wall.  Additionally the simulations are too 

cumbersome to re-run them with several liquid since the bridge has to be computed first into 

an equilibrium position.  Several preliminary simulations are usually required to find a stable 

configuration before heating.  However, the general trend of mass transport due to the surface 

tension gradient is captured by the model.  The thermocapillarity induced surface wave seen 

from the simulation could not be observed in the experiments even for very rapid heating.  

This is due to the simulated heating rate of the lower substrate according to a step-function, 

causing a shock-like behavior in the liquid.  Studies with a lower heating rate and different 

liquids are under investigation. 
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a) 0 0.τ =  

 

b) 0 12.τ =  

 
c) 0 32.τ =  

 

d) 0 52.τ =  

 
e) 0 82.τ =  

 

f) 1 12.τ =  

 
g) 1 32.τ =  

 

h) 1 52.τ =  

 
 

Figure 4.1 Simulation of water capillary bridge between copper plates suddenly heated 
from below. 

 

4.2.2. Experimental study of thermocapillarity-induced capillary bridge rupture* 

 
(* The experimental setup and the experimental procedure were conducted by Dr. Nicole Bieri, LTNT / ETH 

Zurich.  The general ideas and the analysis of the experiments were however conducted in collaboration, 

wherewith it seems appropriate to include them briefly in this thesis.  Details can be found in [28]) 

 

The experimental setup is schematically shown in Figure 4.2 and consists of two horizontal 

parallel copper plates mounted on top of a foil heater (Minca), which is fixed on a Peltier-

element.  The cold side of the Peltier-element is additionally cooled through a thermostatic 

bath exhibiting a temperature of -10 °C.  Both substrates are movable in all three spatial 

directions and additionally adjustable to ensure parallel alignment.  A PT100 thermo-element 
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is placed in a convexity beneath each copper plate to measure the actual temperature.  

Different kind of substrates can be attached on top of the copper plates with a thermally 

conducting paste.  Glass substrates (objective slides, Menzel) and PTFE (Teflon®) substrates 

are employed in this study.  Further details on the experimental method are described in [28]. 

 

Thermostatic Bath

Substrate

Cold
Hot

Copper Plate
Peltier-Element: Heater

Heat Exchanger

Cold
Hot

Copper Plate
Peltier-Element: Heater

Heat Exchanger

x-y-z Positioning Stage

x-y-z Positioning Stage

Thermostatic Bath

 
 

Figure 4.2 Experimental heating/cooling setup of capillary bridge. 

 

Capillary bridge of pure substances 

In Figure 4.3, a capillary bridge of pure 1,5-pentanediol between two glass substrates is 

shown.  The boiling point of this liquid is , thus no major evaporation is expected in the 

temperature range used (0-100 °C).  The bottom plate is heated from the starting point, where 

both substrates are at identical temperatures of 0 °C (a), to 60 °C (b) keeping the top plate at 0 

°C.  The shape of the capillary bridge does not change significantly.  The liquid is transported 

upwards to the colder plate (c) after increasing the bottom plate to 95 °C.  Further increasing 

the temperature difference between the two plates leads finally to the rupture of the capillary 

bridge (d).  The bridge evolution is non-linear with respect to the lower wall temperature. 

242 C°

a) 

 

b) 

 

c) 

 

d) 

 
 

Figure 4.3 Capillary bridge between two glass substrates of pure pentanediol. The lower 
plate is heated stepwise: a) identical substrate temperature of 0o u Cϑ ϑ= = ° , b) 

0o Cϑ = ° , 60u Cϑ = ° , c) 0o Cϑ = ° , 95u Cϑ = ° , the liquid is pulled towards the 
colder upper plate by Marangoni flow, d) 0o Cϑ = ° , 100u Cϑ = ° , the capillary 
bridge is broken. 
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This non-linearity, i.e. only a slow deformation in the beginning and a fast deformation and 

rupture for later stages, is also observed for a capillary bridge consisting of pure terpineol, as 

well enclosed between glass substrates, Figure 4.4.  Note that the temperature increase of the 

lower substrate between a) and b) is 80K, whereas it is only 15K between b) and c). 

 

a) 

 

b) 

 

c) 

 

d) 

 
 

Figure 4.4 Capillary bridge between two glass substrates of pure terpineol. a) identical 
substrate temperature of 0o u Cϑ ϑ= = ° , b) 0o Cϑ = ° , 80u Cϑ = ° , c) 0o Cϑ = ° , 

90u Cϑ = ° , the liquid is pulled towards the colder upper plate by Marangoni 
flow, d) 0o Cϑ = ° , 95u Cϑ = ° , the capillary bridge is broken. 

 

To explain this behavior, consider the power required to desorb the liquid from the lower 

substrate, which is approximately given by combination of equation (2.63) and (2.65): 

 

desorb CL YFW dsbW d Fπ= ∆ v  

          02 sinh
2

YFW
CL w dpl YFW

B

Fd F
nk T

π κ λ
⎧ ⎫∆

= ∆ ⎨ ⎬
⎩ ⎭

 

                                       ( ) ( )YFW lv s rF cos cosγ θ θ∆ = −⎡ ⎤⎣ ⎦  

(4.4)

lvγ  is the (constant) interfacial energy of the liquid-vapor interface and  is the current foot 

print diameter of the capillary bridge on the lower substrate.  

CLd

sθ  is the static and rθ  is the 

receding contact angle.  The power supplied to the system is the availability entering the 

bridge from the lower substrate, which is approximately the heat flux multiplied by the Carnot 

factor. 

 
2

, CL htcx Q

TE d
T

π ε ∆
≈  (4.5)

htcε  is an empirical constant depending on the heat transfer coefficient at the wall.  This 

availability is completely dissipated once vortex cells were established in later stages of the 

heating, giving the bridge its asymmetric shape.  However, initially most of it is spent to move 

the contact line.  Thus combining equation (4.4) and (4.5) reads:  
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( )
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0 / sinh
4

htc dpl
YFW YFW

w B

TF F
k T

ε λ
κ

∆⎛ ⎞∆ = ∆⎜ ⎟
⎝ ⎠

, 

                                                
2

YFW
YFW

B

FF
nk T
∆

∆ = ,       uT T T= + ∆  

(4.6)

uT  is the absolute ambient temperature.  Relation (4.6) is an implicit equation for the 

dimensionless activation energy available to move the contact line with the velocity given 

with equation (2.65): 

 ( )02.0 sinhdsb w dpl YFWv Fκ λ= ∆  (4.7)

Computing  with equations (4.6) and (4.7) by an iterative procedure leads to the 

velocity/temperature difference plot shown in Figure 4.5 (case a).  Increasing the temperature 

difference rises the initial desorption velocity in a regressive fashion.  However, the 

dissipative vortices take longer to develop and to reach stationary conditions for a higher 

temperature differences.  Thus, a higher desorption velocity occurs for longer times at larger 

temperature gradients.  This explains the non-linear deformation behavior of the capillary 

observed. 
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Figure 4.5 Initial desorption velocity as a function of temperature difference 
a)  according to equations (4.6) and (4.7) dsbv
b)  w/o Carnot factor dsbv

 

Capillary bridge of emulsion liquid 

Figure 4.6 summarizes the thermally induced rupture of an emulsion capillary bridge.  Silicon 

oil (viscosity 500mPa s⋅ ) is initially located at the bottom PTFE substrate, whereas ink is 
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used for the upper half.  This can be also identified with the small contact angle of silicon and 

the larger one for ink at isothermal conditions (a).  The separation line of the two liquids 

coincides with the neck of the meniscus.  The pronounced feature upon heating of the lower 

substrate is the changing contact angle of the upper foot print (b and c).  Since the temperature 

of the upper wall is kept constant at 10 °C, the change of contact angle must be due to the 

motion of the silicon oil along the ink free surface to the upper substrate.  The previously 

mentioned non-linearity in the rupture process is weakened as the silicon remains well 

adsorbed to the lower substrate throughout the heating cycle.  The neck of the meniscus is 

approaching the lower substrate while heating.  Although this can be observed for single-

component capillary bridges as well, the fact that the neck also marks the separation line 

between the two liquids in an emulsion bridge harbors the potential for using this feature e.g. 

as a thermally actuated optical deflection point. 

a) 

 

b) 

 

c) 

 

d) 

 
 

Figure 4.6 Capillary bridge between two PTFE substrates of an emulsion of ink (top) and 
silicon oil (bottom). The lower plate is heated stepwise: a) identical substrate 
temperature of 10o u Cϑ ϑ= = ° , b) 10o Cϑ = ° , 40u Cϑ = ° , c) 10o Cϑ = ° , 

60u Cϑ = ° , the liquid is pulled towards the colder upper plate by Marangoni 
flow, d) the capillary bridge is broken. 

 

Capillary bridges between different substrates 

An ink capillary bridge between an upper glass substrate and a lower PTFE-substrate was 

studied as well (not shown for brevity).  The capillary bridge ink had an asymmetric shape 

with respect to the horizontal due to the hydrophobic lower substrate, which was enhanced 

upon heating.  A large portion of the liquid mass was finally accumulated at the upper 

substrate after the rupture of the bridge.  It was seen that reducing the wettability of the lower 

substrate is a suitable measure to improve reproducibility and decrease the overall process 

time. 
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4.2.3. Possible technical applications 
 

In the following, two feasible technical applications of a thermocapillary bridge will be 

briefly discussed, the first taking advantage of the relatively simple setup and the second of 

the fine dosage of the thermocapillary force. 

 

Thermal generation of electric current 

Figure 4.7 a) illustrates a magnetic fluid, forming a capillary bridge (a) between two flat 

plates, which can be alternately heated and cooled.  If the lower substrate is heated, the 

thermal Marangoni-effect will initiate a mass flow to the upper plate, deforming (solid line) 

the bridge from its equilibrium shape (symmetric meniscus).  Reversing the heat flow will 

lead to a mirrored bridge shape (dashed line).  The electrical contacts c, d, and e can be used 

to initiate the reversal of the heat flow: if the lower substrate is heated, contact c will be 

connected to contact e.  Heating from above will connect contact c to contact d.  This switch 

can be used e.g. to change a valve position, so that the hot source and cold sink is applied to 

the opposite of the respective current substrate.  Additionally, the contact c can be used to 

keep the bridge in place.  The oscillatory motion of the capillary bridge and in turn of the 

suspended magnetic particles to induce a current in a solenoid (b) surrounding the capillary 

bridge, charging for example a capacitor.  A precaution has to be taken, such as a simple 

diode, to avoid discharging when the bridge is moving in the opposite direction.  The 

efficiency of such a thermal converter will be very small due to the relatively slow process.  

However, the setup lends itself to an application of large arrays of such capillary bridges, 

which will provide a non-negligible capacitor charge. 

 

Frequency selective optical waveguide 

The second example, Figure 4.7 b), considers a capillary bridge of an emulsion liquid, such as 

experimentally shown in Figure 4.6, where the heavier liquid (b) is at the bottom and the two-

liquid interface allocates in the bridge neck.  Equilibrium conditions are drawn in dashed 

lines.  A light beam directed on this interface will be diffracted as sketched if liquid (b) is 

optical denser than liquid (a).  Heating the lower plate moves the neck downwards and the 

diffracted light beam will be shifted sideways parallel to its original path as well.  This setup 

suggests using the emulsion bridge as a temperature-sensitive waveguide.  In addition, 

directing the diffracted beam onto the surface of a spherical cap etched in the glass substrate 
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selects a certain light frequency according to the total reflection phenomena.  Only this 

wavelength is totally reflected at the free surface for which 

 ( ) air
c

glass

nsin
n

ϑ =  (4.8)

cϑ  is the critical incident angle,  and airn glassn  are the refraction indices of air and glass, 

respectively, which are frequency dependent.  This implies that different light frequencies will 

be totally reflected depending on the location where the diffracted beam impacts on the 

surface of the spherical cap.  This arrangement would therefore act as a temperature-actuated 

frequency-selective optical wave guide.  This is of particular interest in the emerging area of 

opto-fluidics, [29]. 
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Figure 4.7 a) Thermal generation of electric current 
b) Frequency selective optical waveguide 
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4.3. Droplet engine 
 

In this section, a feasibility study is conducted to explore and quantify the extraction of 

mechanical work from a micron-sized non-volatile droplet pinned on a periodically heated 

and cooled substrate.  The basic working principle is the controlled initiation and reversion 

the flow direction of Marangoni-Bénard vortex cells, which are caused by the temperature 

dependence of surface tension.  A cylindrical body placed on the axis of symmetry and 

suspended in radial direction follows partly the alternating vortex motion, Figure 4.8.  The 

resulting axial up- and down (piston-like) motion of the body is used to extract mechanical 

work from the droplet.  A high surface tension gradient, low thermal conductivity and low 

viscosity of the liquid increase the efficiency of this small-scale heat-machine.  The efficiency 

is also highly influenced by the periodicity of the heating / cooling cycle.  The proposed 

methodology is believed to be a valuable contribution to the field of micro-electro-mechanical 

systems (MEMS).  The setup is simple and realizable with a minimum number of moving 

parts.  Moreover, the arrangement is scalable to a broad size order range and is quite general 

since the cylindrical body can be replaced by a nano-tube, which adds the functionality of a 

micro-pump. 

CLr

CLr CLr

pD

cθ
0ch

0h

sγ∂ sγ∂

Qδ

s

 
 

Figure 4.8 Sketch of droplet engine setup. 
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Since the surface of the system is utilized for the energy conversion, the droplet engine is well 

suited for micro- to nanoscale system production of mechanical work. 

The droplet is assumed in the following derivation to be pinned to the substrate, 

meaning a constant contact line radius .  A change in the wetting behavior due to a change 

in substrate temperature and therefore a movement of the contact line is neglected, which is 

valid for relatively rough surfaces (allowing a contact angle hysteresis) and moderate heating.  

Moreover the thermal expansion coefficient of the liquid is assumed to be small (i.e. the liquid 

density is independent of the temperature).  This leaves only the piston to change the droplet 

shape by penetration, whereby the droplet is assumed to maintain a spherical-cap like shape in 

any instant of the working cycle. 

CLr

 

Work estimate 

A force balance for the pinned droplet must contain the surface forces as a projection of the 

stress tensor T  onto the surface normal n , friction forces fric ,iF  and an inertia force tmd v , 

equation (4.9). 

 
T

fric ,i t
i

T ndA F m d v⋅ − =∑∫  (4.9)

Applying the circle integral along a complete cycle gives: 

 ( ) ( ) 0T
diss tT n dV m d v dtφ⋅ ⋅ − = =∫ ∫  (4.10)

Here, dissφ  is the dissipative loss.  The right hand side (RHS) of equation (4.10) is zero, since 

the kinetic energy is a variable of state.  The surface forces on the left hand side (LHS) can be 

splitted into three parts: the free surface, along the piston surface and the wall surface: 

 

( ) ( )

( ) 0

T T

F S P iston

T
diss

W all

T n dV T n dV

T n dV φ

⎡ ⎤ ⎡ ⎤⋅ ⋅ + ⋅ ⋅ +⎣ ⎦ ⎣ ⎦

⎡ ⎤⋅ ⋅ − =⎣ ⎦

∫ ∫

∫
 (4.11)

The work of the surface forces at the wall is zero, since the wall does not move.  The work of 

the surface forces at the piston is equal to the negative of the work done by the piston, PW .  

The surface forces at the free surface can be expressed with the classical expression derived 

by Laplace [30].  With this one finds for the piston work: 

 ( )2P aW p n dV dissγ κγ φ⎡ ⎤= ∇ − + −⎣ ⎦∫  (4.12)
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γ  is the surface tension of the liquid-vapor interface and κ  is the mean surface curvature.  

Considering the fact that the volumetric displacement within one cycle is small, it can be 

assumed that the work required to normally displace the free surface is completely reversible 

(equal to change of Gibbs free energy).  The corresponding term in the volumetric circle 

integral is dropped therefore.  Assuming a linear dependency of surface tension with 

temperature leads to: 

 s
P T diW d T dV ssγ φ= ∇ ⋅ −∫  (4.13)

The upper script ‘s’ denotes evaluation at the free surface.  Note that the circle integral in 

equation (4.13) is a scalar product between the surface temperature gradient and a directed 

volumetric displacement in vector notation.  This can be identically re-written to: 

 s
P T s di

A

W d T dA ds ssγ φ
⎛ ⎞

= ∂ −⎜ ⎟
⎝ ⎠
∫ ∫  (4.14)

The partial derivation is taken along the arc length of the free surface and  denotes the 

infinitesimal tangential displacement of the surface force along the free surface.  Equation 

(4.14) can be re-arranged to: 

ds

 
0

L
s

P T s di
s

W d T ds dA ssγ φ
=

⎛ ⎞
= ∂ −⎜ ⎟

⎝ ⎠
∫ ∫  (4.15)

In the following, an expression for the arc length integral is derived.  It is assumed, that the 

droplet can be subdivided into thin co-centric cylinders of height rh , thickness  and axially 

averaged temperature

dr

zm rT .  If the convective and conductive heat transport can be linearly 

separated with a weighting factor rψ  ( [ ]0,1ψ ∈ ), the energy balance for such a cylinder 

reads: 

 ( )s
z sub tr r ra T T h d Tψ∂ − = zm  (4.16)

a  is the thermal diffusivity.  Re-arranging and integrating in z leads to: 

 
0

2

1

1

h
s

sub t zmr r r

t zmr r r

T T h d T z
a

h d T
a

ψ

ψ

⎡ ⎤− = ⎣ ⎦

=
 (4.17)

Differentiating and integrating with respect to the arc length : s
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∫ zm

 (4.18)

Assuming a spherical cap-like shape for the droplet, the surface area  can be expressed in 

terms of the droplet height at the center line, 

A

( ) 00h r h= ≡ , and the radius of the contact line, 

 [31]: CLr

 ( )2 2
0C LA r hπ= +  (4.19)

Considering the contact line radius as a constant (pinned contact line), one finds for the 

infinitesimal surface area change: 

 0 02dA h dhπ=  (4.20)

With equation (4.18) and (4.20) one finds for equation (4.15): 

 3
0 0 02 T

P t zm ,o diss
dW d T h dh

a
γπ ψ φ= −∫  (4.21)

The substrate is assumed to be heated according to a sinusoidal wave, 

 ( ) ( )0 0sub sub
ˆT T T T sin tω= + −  (4.22)

ŝubT  is the substrate peak temperature,  is the environmental temperature and 0T ω  is the 

constant angular phase velocity.  The axial displacement of the piston with amplitude  can 

be assumed to follow this excitation wave with a certain phase shift 

z∆

β : 

 ( )0pistz z z sin tω β= + ∆ −  (4.23)

The volume added (removed) to (from) the droplet due to the penetration of the cylindrical 

piston with diameter  is therefore: pD

 ( )2
0 4pist pV V zD sin tπ ω β= + ∆ −  (4.24)

The infinitesimal volumetric change is then: 

 ( )2

4 pdV zD cos t d tπ ω ω β= ∆ −  (4.25)

In case that the ratio between piston diameter and contact line radius is small ( ) 

and for well-wettable piston surfaces, the droplet will not deviate significantly from a 

spherical cape shape through the penetration of the piston.  The volume of a spherical cap in 

terms of  and  is [31]: 

/ 1p CLD r

CLr 0h
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π

π
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= + +
 (4.26)

0ch  denotes the droplet center height for initial static condition before the piston is submerged 

in the droplet.  The following relationship between  and the initial static contact angle 0ch cθ  

is valid [32]: 

 0 1 1c

C L c c

h
r sin tanθ θ

= −  (4.27)

The infinitesimal change of droplet volume is with relation (4.26) and constant : CLr

 ( )2 2
0 02 C LdV r h dhπ

= +  (4.28)

Combining equation (4.25) and (4.28) results in an expression for the infinitesimal change of 

droplet center height  with time: 0h

 ( )
2

0 2 2
0

1
2

p

C L

zD
dh cos t d t

r h
ω

ω β
∆

= −
+

 (4.29)

Using moreover a cycle-averaged weighting factor ,0cmψ , equation (4.21) can be re-written to 

 
( )

2 4

0

3
0

2
01

T p C L
P cm

t zm ,o diss

d zD r
W

a
hd T cos t d t

h

γ ω
πψ

ω β φ

∆
= ×

− −
+∫

 (4.30)

The bars across the parameters denote non-dimensionalization with respect to .  The kind 

of derivation, which introduced the time-derivative of the axial-averaged temperature at the 

center line, , implies that the presence of the piston does not influence the axial 

temperature at .  This is strictly only true if the piston has identical thermophysical 

properties as the liquid, if there is no additional thermal contact resistance between the liquid 

and the piston and if the temperature evolution is dominated by heat conductance.  For the 

limitations mentioned,  can be assumed to follow, similarly to the piston movement, the 

temperature excitation from the substrate with a certain phase shift

CLr

,0zmT

0r =

,0zmT

α : 

 ( ) ( )0 0 0 0zm , zm ,
ˆT T T T sin tω α= + − −  (4.31)

and 
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 ( ) ( )0 0 0t zm , zm ,
ˆd T T T cos tω ω α= − −  (4.32)

Introducing the dimensionless time ( )/ 2tτ ω π= ⋅  and dimensionless temperatures 0/i iT Tϑ = , 

equation (4.30) is re-arranged with equation (4.32) to: 
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diss
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πτ α πτ β τ φ

= ∆ −

− −
+∫ −

 (4.33)

Non-dimensionalization with the contact area 2
sub CLA rπ= , heat transfer coefficient subk , 

temperature  and time 0T 2 /π ω⋅  provides: 
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( ) ( )

0

2 2
2

0 0

3
0

2
0

0

2

1

2 2
1

2

p
P

sub sub

T C L
cm p zm ,

sub

diss

sub sub

W
W

k A T /

d rˆzD
k a

h cos cos d
h

k A T /

π ω

γ ωψ ϑ

πτ α πτ β τ

φ
π ω

= =

∆ −

− −
+

−

∫
 (4.34)

The time evolution of 0 0 / CLh h r=  is described with equation (4.24) and (4.26). 

 

Heat flux estimate 

The heat exchanged between the droplet and the substrate during an infinitesimal time step is: 

 
0

2
C Lr

sub sub zm rQ k r T T drδ π
⎧ ⎫⎪ ⎪⎡ ⎤= −⎨ ⎬⎣ ⎦⎪ ⎪⎩ ⎭
∫ dt  (4.35)

Where subk  is the aforementioned heat transfer coefficient between the drop and the substrate.  

The temperature difference is assumed to be the following linear function of local droplet 

height : ( )h r

 ( )0sub zm sub zm ,r rT T H T T− = − ,    
0

r
r

h
H

h
=  (4.36)

One obtains: 

 ( )0
0

2
C Lr

sub sub zm , rQ k T T rH drδ π dt
⎡ ⎤

= − ⎢ ⎥
⎢ ⎥⎣ ⎦
∫  (4.37)

The local droplet height can be calculated with 
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2

2C L C L
r

r rh r
sin tanθ θ

= − −  (4.38)

Where θ  is the current contact angle, which is a function of 0h  [32]: 

 ( ) 02tan / hθ =  (4.39)

The time evolution of 0h  is again described with equation (4.24) and (4.26).  After inserting 

the expression for the temperatures (equation (4.22) and (4.31)) and non-dimensionalization, 

one finds: 

 ( ) ( ) ( ) ( )
0

0

1

0

2

2 1 2 1 2

sub sub

sub zm ,

r

QQ
k A T /

ˆ ˆsin sin

rH dr d

δδ
π ω

π ϑ πτ ϑ πτ α

τ

= =

⎡ ⎤− − − −⎣ ⎦
⎡ ⎤
⎢ ⎥
⎣ ⎦
∫

×  (4.40)

 

Dissipation estimate with 2nd law of thermodynmics 

The dissipation function dissφ  can be estimated with the 2nd law of thermodynamics: 

 0gen
R

QS d
T

Sδ
+ = =∫ ∫  (4.41)

genS  is the production of entropy  due to irreversibility and  is the temperature of the 

reservoir(s) exchanging heat with the droplet system, in this case the substrate.  Note that 

S RT

genS  

considers the entropy production due to dissipation of mechanical energy, 0/diss Tφ , plus the 

entropy production due to irreversible heat transfer across finite temperatures: 

 
0

1 1diss
gen

m R

S Q
T T T
φ δ

⎛ ⎞
= + −⎜ ⎟

⎝ ⎠
∫  (4.42)

Combining equation (4.41) and (4.42), the dissipation function reads: 

 
0

diss

m

Q
T T
φ δ

= − ∫  (4.43)

Inserting equation (4.35) in (4.43) reads: 

 70



 
0 0

0

2 1

2 2

C L

C L

r
diss sub

sub
zm r

r
sub

sub sub sub
zm r

Tk r dr dt
T T

Tk A / k r dr dt
T

φ π

π ω π

⎧ ⎫⎡ ⎤⎪ ⎪= − −⎢ ⎥⎨ ⎬
⎢ ⎥⎪ ⎪⎣ ⎦⎩ ⎭

⎧ ⎫⎪ ⎪= − ⎨ ⎬
⎪ ⎪⎩ ⎭

∫ ∫

∫ ∫

 (4.44)

Using equation (4.36) for  one finds: ( )zmT r

 
0 002 1 1

C Lr
diss
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rA / d
k T H T / T
φ ω
π

r d t
⎧ ⎫⎪ ⎪= − ⎨ ⎬

− −⎡ ⎤⎣ ⎦⎪ ⎪⎩ ⎭
∫ ∫  (4.45)

Non-dimensionalizing equation (4.45) results finally into: 

 
0

1

00

2

1 2
1 1

diss
diss

sub sub

zm , subr

k A T /

r dr d
H T / T

φφ
π ω

τ

= =

⎧⎪ ⎪− ⎨ ⎬
− −⎡ ⎤⎣ ⎦⎪ ⎪⎩ ⎭

∫ ∫
⎫  (4.46)

The temperature ratio  is evaluated for every time step with equation (4.22) and 

(4.31). 

,0 /zm subT T

The droplet engine efficiency can finally be computed with: 

 p
eff

in

W
Q

η = ,   in inQ Qδ= ∫ ,   0inQδ >  (4.47)

The dissipation in one cycle is computed with equation (4.46), the cyclic piston work with 

equation (4.34) and finally the total heat input and thermal efficiency with equation (4.47).  

This computation is done for every combination of the phase shifts α  and β , each one going 

from zero to 2π .  The computed efficiency for a certain combination is written to a data file 

in case of a positive value. 

Figure 4.9 depicts the thermal efficiencies for the droplet engine without (a) and with 

(b) considering the dissipation, equation (4.46), as a function of the average droplet 

temperature phase shift α  and the piston motion phase shift β  (each with respect to the 

substrate temperature).  The model predicts maximum efficiencies of about 40% without the 

dissipation.  This value is as expected significantly reduced to about 6% peak value, if 

dissipation is included.  In addition, the range of possible phase shift combinations is severely 

narrowed.  However, this efficiency is still respectable considering the S/V-ratio of 3.7 1/mm 

( 40cθ = ° , ).  For comparison, a regular combustion engine has a S/V ratio of about 

12.0 1/m.  The dissipative loss increases with an increasing S/V-ratio, see chapter 1. 

1CLr m= m
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a) 

 

b) 

 

Figure 4.9 Thermal efficiency of droplet engine versus phase shifts α  (droplet 
temperature) and β  (piston motion), a) w/o dissipation, b) w/ dissipation. 

 

Based on the predictions from the semi-analytical model, experiments were conducted with 

spherical-cap shaped droplets sitting on an alternating heated or cooled substrate.  The 

substrate arrangement is similar to the one used for the capillary bridge study.  Water is used 

as a working fluid and a hair-thin wire in ‘L’ shape functions as a piston.  One end of the wire 

is fixed with respect to the substrate, whereas the other end is submerged in the droplet on the 

axis of symmetry.  A sketch of the experimental setup is depicted in Figure 4.10. 

 

Cooling/Heating device

Positioner

L-Beam

 
 

Figure 4.10 Experimental setup of droplet engine [33]. 
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The deflection of this beam arrangement force is recorded by a microscope-supported video 

system.  The force acting on the piston can be calculated from deflection using the respective 

solid mechanic law for cylindrical beams. 

It was seen from seeded tracer particles that heating of the substrate indeed initiated a 

vortex like fluid motion.  However, this motion was only slowed down, not reversed, upon 

cooling.  Worse, the piston was pinned by wetting forces and the friction forces initiated by 

the vortex motion were too weak to overcome those.  Indeed, the piston was only moved 

when the droplet was strongly heated to foster evaporation.  For further details see [33]. 

Although these preliminary results are discouraging, it is believed that optimization of 

the heating/cooling arrangement and using a hydrophilic piston surface might provide some 

improvements.  An alternative is to use directly the thermocapillarity-induced deformation of 

the droplet free surface with a piston just touching droplet surface in the center region. 

 

4.4. Conclusions 
 

In this chapter, the applicability of microfluidics for novel applications besides the established 

pumping function was studied.  Special attention was given to the incorporation of the 

thermocapillary phenomenon.  In this context, the dynamics of capillary bridges under the 

influence of a temperature gradient along the bridge symmetry axis was investigated 

numerically and experimentally.  For the latter, pure liquids (pentanediol, terpineol) and two 

component emulsions (ink/silicone oil) were used as working fluids.  The lower wall material 

was either identical to the one of the upper wall or more hydrophobic.  Thermocapillarity led 

in all cases to a significant transport of liquid mass to the upper wall and finally to the rupture 

of the bridge.  The deformation of the bridge was seen to be non-linear in time, which is 

partly due to the non-linear desorption process of the liquid from the lower substrate.  This 

non-linearity is reduced if no desorption takes place, i.e. in well-wetting configurations.  A 

hydrophobic lower substrate improved the reproducibility and reduced the actuation time.  In 

case of the emulsion bridge, the separation line between the two liquids was located in the 

neck of the bridge, which was slightly shifted downwards during heating.  The simulation was 

limited to water bridges suddenly heated from beneath.  No direct comparison with 

experiments could be obtained.  However, the thermally-activated deformation was captured 

by the simulation, whereby the shock-like heating caused in addition a surface wave not seen 

in the experiments.  Two suggestions of novel but feasible technical applications were 
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discussed, a thermocapillary bridge based capacitor charging and a temperature-sensitive 

frequency selective optical waveguide. 

 A semi-analytical model to predict the thermal efficiency of a thermocapillarity based 

droplet engine concept was presented.  Theory predicts a peak efficiency of 6%, whereas 

preliminary experiments revealed severe pinning effects induced by surface tension on the 

piston motion. 
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5. Dropwise deposition and wetting of nanoparticle suspensions 
 

5.1. Introduction 

 

Innovative small-scale manufacturing methods target the utilization of the unique 

thermophysical properties of ultrafine particles in the nanometer range, see [1, 2].  These 

particles are commonly dispersed in a volatile carrier liquid to use transport devices subject to 

more common engineering length scales such as drop-on-demand ink jet heads.  The physical 

phenomena during the combined deposition, wetting / de-wetting and evaporation of colloidal 

liquid films and droplets are complex, albeit practically omnipresent in nature and technology.  

[3] has identified the mechanism leading to ring formation from dried liquid coffee drops.  On 

the technical side, [4] investigated the two-dimensional self-assembly of latex particles on 

surfaces with squared-patterned rims.  It was shown that a combination of capillary forces 

acting on the particles and evaporation of the suspension liquid leads to three regions with 

different degrees of assembly: left behind particles in the mesa center, fully assembled 

particles in a film thinner than the particle diameter and irregular packed particles in a 

transition zone between the thin film and the bulk meniscus.  [5] proposed a simple analytical 

model to estimate the direction and value of the force acting on a particle in an advancing or 

receding film. 

 A suitable way to build microstructures consisting of coalesced nanoparticles is to 

print colloidal ink droplets on a substrate and to apply heat to evaporate the carrier liquid.  [6] 

observed that evaporation, Marangoni and wetting effects have considerable influence on the 

microstructures produced.  For low heat fluxes where the temperature distribution in the 

droplet can be assumed to be spatially uniform (small Biot numbers), the following drying 

stages can be distinguished: initial heating and evaporation, quasi-equilibrium evaporation, 

crust formation at the free surface, boiling with the occurrence of arbitrary crust cracking 

through the evaporation pressure of the still enclosed liquid and finally porous particle drying, 

[7].  Heating through the absorption of irradiated laser light usually coincides with a localized 

variation of the temperature dependent surface tension (thermal Marangoni effect), leading to 

Marangoni-Bénard cells.  Local changes in particle surface concentration can induce destillo-

capillary flows (solute Marangoni effect).  Applying large heat fluxes from the substrate 

initiates the Leidenfrost-phenomenon, reducing the wettability tremendously.  Fine particles 
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dispersed on the surface of a liquid are moreover well known to reduce the liquid-solid 

wettability of the carrier liquid significantly, see [8], which is due to the increase in surface 

energy of the liquid-vapour interfacial tension with particle surface concentration.  On the 

other hand, suspended particles might increase liquid-liquid wettability depending on the 

change in surface free energy after particle immersion.  [9] gave a simple theory on particle-

assisted wetting, leading to the definition of stability regimes of a liquid-liquid-solid system.  

The prediction and control of particle motion in an evaporating carrier liquid wetting another 

substance is therefore of high scientific and technical interest. 

In this context, the effect of ultrafine particles on the deposition process of micron-

sized droplets ( (90O m)µ ), and particularly on spreading is investigated in this chapter and 

compared to the behavior of the corresponding pure liquid solvent of the suspension.  The 

FEM-based microfluidic model described in chapter 2 is extended to track the motion of a 

representative number of computational particles, influenced by friction, thermophoresis, 

diffusion and buoyancy forces.  Evaporation at ambient conditions of the volatile carrier 

liquid is invoked at the free surface.  The Navier-slip condition used in chapter 3 is replaced 

by the wetting models based on the uncompensated Young force.  Although the volumetric 

particle loads are typically as low as 1.5 vol% - 2 vol%, the particle content in terms of mass 

is considerable high, as much as 30 wt% - 40 wt%.  The inertia of the computational particles 

are coupled back to the discrete fluid nodes, since earlier investigations of [10] suggested that 

inertia effects dominate the initial stages of the droplet impact.  However, depending on the 

choice of substrate material (good wetting configurations as commonly utilized in nanoink 

printing and curing), the aforementioned interfacial phenomena including wetting forces are 

important to consider, also during the initial stages of the deposition.  The simulations are 

compared to experiments conducted with a high-speed camera delivering as many as 110’000 

frames per second (fps) at a resolution of 64 x 16 pixels.  Toluene is, together with α-

terpineol, the most commonly employed solvent for ultrafine gold particles of  

for high concentrations in the novel field of nanoparticle ink deposition and sintering.  It is 

therefore used in this study as a reference (working) liquid. Copper and glass are employed as 

examples of substrate materials.  Low impact velocities of 

( )1 10O n− m

( )2O m / s  ensure that no splashing 

occurs. 
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5.2. Extensions to microfluidic model 

 

The contact line model employed in this study is a combination of the Navier-slip model, 

equation (2.62), and the Young-force driven wetting model, equation (2.64).  The projection 

of the fluid stress tensor in radial direction in vicinity of the contact line reads: 

 ( ) ( ) ( ) ( )
Ts slips YFW

R s hyst
CL Seg .

T n e cos cos f U
We Re CL

εε θ θ θ
−

⎡ ⎤ ⎡ ⎤⋅ ⋅ = − −⎣ ⎦⎢ ⎥⎣ ⎦
 (5.1)

The parameter YFWε  is of .  Equation (5.1) defines implicitly a radial gradient in surface 

tension at the contact line, which extends over a finite length.  If the fluid at the solid-liquid 

interface is considered to have been initially part of the liquid-vapour surface, this assumption 

coincides with the statement that the surface tension relaxation proceeds on a macroscopic 

length scale and not in a singular point, see [11].  The values for the static contact angle 

( )1O

sθ  

were approximated directly from the experiments.  The dynamic contact angle is provided by 

the simulation due to the Lagrangian formulation.  Hysteresis effects due to elastic force 

compensation through the substrate molecules and due to surface roughness are captured 

through the empirical function ( )hystf θ : 

 ( )
n

s
hyst

hyst

f tanh c θ θθ
θ

⎡ ⎤⎛ ⎞−⎢ ⎥= ⎜ ⎟⎜ ⎟∆⎢ ⎥⎝ ⎠⎣ ⎦
,    10000, 100c n= = (5.2)

hystθ∆  is the approximated difference between the advancing and the receding contact angle.  

Here, a value of 3° is used.  c  and  are empirically chosen so that n ( )hystf θ  is a sharp step-

function.  The last term in equation (5.1) is the conventional Navier-slip model to model 

dynamic slip friction.  Slipε  is a slip coefficient of ( )210O  and  is the current contact line 

velocity, which is solved in conjunction with the other fluid velocities.  Equation (5.2) can be 

strictly derived (except for the empirical function (5.2)) using Gibbs’ first fundamental 

equation (with appropriate corrections of the bulk chemical potentials at the interfaces), 

balancing the uncompensated Young force with dissipative losses.  Equation (5.2) is 

compared to the molecular kinetic model of dynamic wetting suggested by [12], equation 

(2.65). 

CLU

The carrier liquid is assumed to evaporate at the free surface according to the classical 

mass transfer law, corrected for a semi-permeable wall with the Stefan-factor, see [13]: 
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m′′  is the area-specific mass flux and MB is the Spalding mass transfer coefficient defined as 

 
s
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−
 (5.4)

gρ  is the density of the surrounding air (far away from the droplet), s
vapρ  is the vapour density 

of the evaporating liquid and s
totρ  is the total gas density, both evaluated at the surface.  Sh is 

the Sherwood number, Reg is the Reynolds number related to the air 

( g g g refRe / / Reρ ρ η η= ⋅ ⋅ ) and Sc is the Schmidt number ( 1 84Sc .= , toluene in air, 

[14]).  The Sherwood number is computed with the classic correlation for non-convective 

droplet evaporation, [15], 

 
( )

0

1 M

M

ln B
Sh Sh

B
+

=  (5.5)

corrected for slight convective flux with the local surface velocity sV : 

 ( )0 5 0 33
0 2 0 6

.s .
gSh . V Re Sc= +  (5.6)

Thermodynamic phase equilibrium is assumed at the surface to evaluate the local vapour 

density, whereby the data of the toluene saturation curve is taken from [16].  The vapour 

density is corrected to account for the Kelvin effect.  The latent heat of evaporation is 

implemented in the energy equation as a source term. 

 

5.3. Particle model without particle interaction 

 

The volumetric particle content of the suspension liquids considered in this study is rather low 

(about 1.5 vol%).  The volume of the suspended particles is therefore neglected for the 

simulation of the liquid, which justifies the assumption of a one-phase-fluid model described 

above.  The trajectory of small particles with low particle Reynolds number, disregarding 

particle-particle and particle-wall interaction, can be described with the particle motion 

equation derived by [17].  In case of a large particle to liquid density ratio, [18] pointed out, 

that the pressure gradient term, added mass term and to some extent also the Basset history 

term are small compared to Stokes’ drag and buoyancy.  Ultrafine particles of  are ( )810O m−
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at the lower size limit, where classical Stokesian dynamics applies, [19].  Thermophoresis and 

diffusion forces become increasingly important for these kind of particles, see [20], especially 

when the advective propulsion vanishes.  The dimensionless Newton’s 2nd law in a 

Lagrangian frame work for the particles in this study reads therefore: 

 

( )
2

0

0

2

0
2
0 2

3 2
0

18

27

6 11

l

p p

a l

p p , ,abs

lB

p p p

dd W W V
R e d

H d
R e d

k T c g
d v c F r g

τ
ρ
ρ

ρ
ρ

ρ
π ρ ρ

⎛ ⎞
= − −⎜ ⎟⎜ ⎟

⎝ ⎠

⎛ ⎞ ∇Θ
− ⎜ ⎟⎜ ⎟ Θ + Θ⎝ ⎠

⎛ ⎞∇
− + −⎜ ⎟⎜ ⎟

⎝ ⎠

0

 (5.7)

W  is the dimensionless particle velocity,  is the particle diameter, pd pρ  is the particle 

density, c is the volumetric particle concentration,  is the Hamaker constant and  

is defined as: 

aH 2 0, ,absΘ

 2 0
2 0

1 0 2 0

,
, ,abs

, ,

T
T T

Θ =
−

 (5.8)

The left-hand-side term of equation (5.8) considers the particle inertia, which is by definition 

of .  The first term on the right is the Stokes’ friction between the particle and the 

surrounding liquid, the second reflects the thermophoresis force, the third captures the particle 

diffusion force and the last models the (weak) buoyancy force.  The terms on the right hand 

side of equation (5.7) are sorted according to the order of magnitude of the constant pre-

factors from left to right with Stokes’ friction being the dominating force.  Slip effects 

between the nanometer-sized particles and liquid are neglected.  The particle Stokes number 

 defined as the ratio between the particle relaxation time  and the characteristic 

flow time , equation (5.9), is of 

( )1O

pStk p ,chart

l ,chart ( )610O −  in the applications presented here, which 

implies that the particles should follow the flow instantaneously. 
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Relation (5.7) is transferred for every time step into a simple first order inhomogeneous 

ordinary differential equation (ODE) by assuming that everything except the particle velocity 

is constant.  This ODE is solved analytically for every time step, providing the current particle 

velocity.  This solution method was successfully cross-checked with an implicit Euler 

integration scheme. 

 Particle adhesion to the substrate is modelled through the definition of a characteristic 

stick velocity, derived from an expression given in [21]: 

 
2

0
0507 6

a
stick

p

H dV R e
. d

⎛ ⎞
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⎝ ⎠
 (5.10)

Particles approaching the substrate with a lower velocity than given in (5.10) will stick to the 

wall, whereas particles with a higher axial velocity will bounce back with a certain dissipative 

loss of kinetic and potential energy (expression not given here for brevity).  Particles at the 

free surface experience an unequilibrated van-der-Waals attraction force from the liquid, 

which keep them within the liquid domain, equivalent to surface tension for mediums 

treatable as a continuum.  This is incorporated in the model in the sense that particles in the 

vicinity of the free surface are only allowed to move parallel to the liquid-vapour interface.  In 

case particles nevertheless leave the liquid domain, they are attracted through an additional 

force derived with the classical Hamaker theory, [22] (expression not given here for brevity).  

Note, that the combination of evaporation and particles sticking to the liquid surface is 

responsible for crust formation during drying. 

Despite the fact that the particle volume is negligibly small, the particles contribute 

about 30 wt% in overall droplet mass.  The inertia of the particles is coupled back to the liquid 

through assigning to the nodes which are direct neighbours of particles a higher inertia.  In 

this context it should be noted that tracking of particles in a fluid domain with moving 

boundaries is actually a full three-dimensional problem.  To perform simulations with an axis-

symmetric, pseudo-three-dimensional formulation, the following procedure is used:  first, the 

initial droplet cross sectional area is divided in equally sized sub-areas, whereby one 

computational particle is placed in the center of each sub-area.  The size and location of these 

sub-areas is user-defined and determines the number and the distribution of computational 

particles.  In the simplest case, the elements of the FEM-mesh can be used as sub areas (see 

Figure 5.1).  These computational particles are then weighted with a factor , Figure 5.1 and 

equation (5.11), according to the volume the rotated sub-area element corresponds to. 

pw
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( )e
avR  is the average distance of the element from the axis of rotation (Z-axis), ( )e

subA  is the 

cross section of the sub-element and  is the initial volumetric particle concentration.  

Particles placed in elements further away from the axis of symmetry have therefore a larger 

weighting factor than particles placed in elements closer to the centerline since these 

computational particles represent a larger number of real particles.  The initially assigned 

weighting factor is kept constant for each particle throughout the simulation and the number 

of computational particles is constant throughout the simulation. 

0c

( )e
avR( )e
avR( )e
avR  

 

Figure 5.1 Sketch of particle weighting procedure 
 

Employing the elements of the FEM-mesh as sub-areas has the severe drawback that the 

maximum computational particles initially seeded is identical to the number of finite elements 

used.  An independent grid in form of distorted squares positioned in concentric circles 

around the drop center is therefore used in this work. 

The change of viscosity with particle concentration is considered using the empirical 

Krieger-Dougherty relation, see [23].  With the experimentally found exponent of -2, [24], it 

reads: 

 
( ) 2

1 eff

ref m ax

cc
c

η
η

−
⎛ ⎞

= −⎜ ⎟
⎝ ⎠

 (5.12)

refη  is thereby the liquid viscosity at zero particle concentration and  is the particle 

concentration when the liquid-particle suspension starts to behave as a solid.  In equation 

(5.12), the core particle concentration  was replaced by an effective particle concentration of 

m axc

c
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1 875effc .= c

p

 to capture the influence of the monolayer surrounding the sterically stabilized 

particles.  This corresponds to a monolayer thickness of 0 12m . dδ =  according to [25].  TEM 

pictures taken from the nanoink showed that this value is at the lower limit, but it gave the 

most useful simulation results.  The parameter  was set to 0.15, in agreement with values 

given by [26] for a TiO

m axc

2-nanoparticle suspension liquid.  With this the average reduced 

viscosity is 1.515.  It has to be pointed out that relation (5.12) is strictly valid only in the limit 

of an infinite steady shear rate for suspension at elevated particle concentration.  Moreover, 

sterically stabilized dispersions exhibit a complex non-Newtonian fluid behavior determined 

by the dynamic formation, restructuring (i.e. changing of cluster compactness) and destruction 

of hydro-clusters, which enclose and immobilize suspending liquid, [27].  These hydro-

clusters are believed to increase the effective particle concentration and therefore also 

viscosity, see equation (5.12).  At low shear rates, steric dispersions exhibit shear-thinning 

(plasticity) and at high shear rates shear-thickening (dilatancy) behavior, as pointed out in 

[28] and [27].  Since no detailed information of the rheology is available at this point, relation 

(5.12) is however believed to be the most reliable approximation.  Hence, no viscosity 

dependence on shear rate is assumed in this study.  Note that the implementation of a variable 

viscosity does not introduce an additional source term in the discrete FEM momentum 

equation due to the usage of Gauss’ theorem and is performed by the evaluation of a local 

element Re- number, based on equation (2.12). 

Numerical tests with a surface tension dependence on the particle concentration 

(solute Marangoni effect) were not successful and resulted in an unstable free surface, similar 

to the formation of “wine tears”.  Although the effect observed is principally physical, the 

strength of this effect was overestimated due the lack of experimental data on surface tension 

variation with particle concentration.  A variation of surface tension with particle 

concentration is therefore not included in the current study.  However, it is believed that the 

effect of a concentration-dependent surface tension is worth pursuing due to the generally 

strong variation of surface tension with solid particle content.  It is desired to reliably include 

this feature in future studies combined with experiments. 

 

 

 

 83



5.4. Particle solution procedure and parameter variations 

 

The procedure for the plain liquid is practically the same as described in chapter 3.  Typical 

computations with particles employed about 3500 elements and 7500 computational particles 

on average.  1’000 time steps took about 1.75h to complete, whereby 80’000 time steps were 

conducted.  The computed particle concentration is slightly mesh independent: the particle 

concentration assigned to each node is computed through counting of particles within a 

certain cut-off-radius circling the respective node.  The length of this cut-off-radius was 

arbitrarily taken as one element side length, a compromise between a good resolution of local 

particle concentration changes and smoothness of the concentration field.  However, slight 

particle concentration fluctuations could sometimes not be avoided depending on the mesh 

resolution.  Trends seen in the particle concentration were verified with calculations of the 

minimum interparticle distance and the number of neighbours within a cut-off-radius for each 

particle as well.  Since the integration of the particle path is done in a semi-analytical fashion, 

particle accuracy is only limited by the local accuracy of the fluid velocity and by the linear 

interpolation to locate the particle inside an element. 

In order to investigate the effects of fine particles on the deposition process of 

colloidal micron-sized droplets, experiments and simulations were performed for toluene with 

and without particle content.  The initial particle content was 1.5 vol%.  The relevant 

thermophysical properties of toluene are summarized in Table 5-1.  The parameters used for 

the simulation were adapted to the experimental values wherever possible.  The following 

values were used: the initial droplet diameter was in all cases 95 microns, the initial droplet 

and substrate temperature was 298K and the impact velocity was set to 1.5 m/s.  These 

parameters result in an initial Re-number of 220, an initial We-number of 6.64 and a MaT-

number of -12.  The temperatures  and  defined in relation (2.11) were set to 383K 

(boiling point of pure toluene) and 298K respectively.  The static contact angles of the 

different cases to scale the wetting force, equation (5.1), were approximated from the 

experiments and are summarized in Table 5-2.  The provided values have an uncertainty of 

about 3-4°.  Thermal conductivity and heat capacity of copper are taken from a source from 

the web ([29]) (and those of glass are taken from [30] and [31]. 

1,0T 2,0T
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 Density Viscosity Surface 

Tension 

Surface 

Tension Slope 

Heat 

Capacity 

Thermal 

Conductivity 

Latent Heat 

of Evap. 

Boiling 

Point 

Symbol ρ  refη  refγ  Td γ  c  λ  fgh  
sT  

Unit [kg m-3] [10-3Pa s] [10-3N m-1] [10-3N m-1 K-1] [J kg-1 K-1] [W m-1 K-1] [J kg-1] [°C] 

Liquid 867 0.56 27.93 -0.1186 1728.13 0.1311 413272 110 
 

Table 5-1 Thermophysical properties of toluene @ 25°C 
 

 [ ]degsθ  

Toluene w/o particles on copper 25 

Toluene w/ particles on copper 24 

Toluene w/o particles on glass 29 
 

Table 5-2 Static contact angles measured 
 

5.5. Experimental setup 

 

The micron-sized droplets were generated with a piezo-electrically driven drop-on-demand 

(DOD) jetting device extensively described in [10], [32] as well as in [2] and allowing for the 

generation of monodispersed droplets with a diameter in the range of 60 – 100 µm.  The 

visualization of the microdroplet impact with a time scale of the order of O(100 µs) has been 

reported earlier with strobe photography / videography as in [33] or more recently by splitting 

a time sequence to several frame grabbers, see for example [34].  In this work a high-speed 

camera is used to visualize the droplet impact.  The benefit lies in the possibility to track the 

impact of a single droplet whereas the strobe videography requires a continuous steady state 

droplet generation and a horizontal substrate translation after every impact of a droplet to 

provide a clean surface for the following droplet: since the surface is not always totally plane 

and homogeneous the reconstruction of the spreading process is difficult whereas with the 

high-speed camera the substrate stays immobile.  To this end a triggered high-speed camera 

(Redlake MotionXtra™ HG-100K, USA) with record rates up to 110’000 frames per second 

at 64 x 16 pixel resolution, was employed for the digital imaging.  A microscope objective 

(Microtech Zoom 70, USA) was used to magnify the droplet images.  An optical 

magnification of 29x on the CMOS sensor was utilized giving a spatial resolution of 3.6 µm 

in the object plane. 
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5.6. Results and discussion 

 

Figure 5.2 shows the spreading radius CLR  versus time τ  captured from the experiments with 

the high speed camera (index 1).  Case a) is pure toluene on copper, case b) is pure toluene on 

glass and case c) is toluene with particles on copper.  All spreading values shown are accurate 

within ±5 - 8% tolerance.  The most pronounced feature is the reduced spreading for the case 

involving particles for long times.  At dimensionless time 8.0τ =  ( 0.51t ms= ), spreading is 

reduced about 30% by the presence of particles for the toluene-copper-system.  This result 

resembles earlier findings of [8] that particle content reduces the liquid-solid wettability due 

to the enhancement of the liquid-vapour interfacial tension.  Spreading of pure toluene on 

glass is about 10% less than on copper for the same time instant, as lines a) and b) indicate.  

The difference is however less pronounced than it could be expected by just considering the 

about 20 times larger surface energy of pure copper (spreading parameter 

, [35]) compared to glass, which might be even increased by oxidation of 

the copper surface.  Generally, all cases show the typical two-stage spreading evolution in 

time, [35]: spreading is rapid during the initial stages (

0 0s sl svS γ γ γ= − − >

1.26CLd Rτ ∝ ) and very slow during 

later stages ( ) driven by the uncompensated Young force.  Cases a) and b) 

show an intermediate rest in spreading and a short de-wetting phase at about

38.6 10Cd Rτ
−∝ ⋅

1.2τ = .  

Intermediate rest in spreading for case c) occurs earlier, at about 0.8τ =  with a less 

pronounced de-wetting zone.  The spreading radius value in the secondary spreading regime 

oscillates for the cases without particles, whereas the nanoink shows a staged spreading with 

noticeable rests. However, the mean long-time spreading rates are almost identical for all 

cases and independent of particle content as far as can be judged considering the measurement 

uncertainty.  This leads to the conclusion that particles influence primarily the initial 

spreading, leading to a constant off-set in spreading between cases with and without particles, 

respectively, for long times.  The different behavior during the initial spreading state can be 

explained with a higher apparent viscosity of the toluene containing particles.  As outlined in 

section 5.3, sterically stabilized dispersions exhibit a non-Newtonian, shear-thinning (low 

shear) or shear-thickening (high shear rate) viscosity.  The result obtained within this study 

suggests rather a thickening effect due to the high shear during the inertia-dominated primary 

spreading regime, leading to a lower apparent Re-number. 
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Figure 5.2 Spreading radius CLR versus time τ : a) toluene on copper w/o particles, b) 
toluene on glass w/o particles, c) toluene on copper w/ particles; Index 1: 
experiment, index 2: simulation. 

 

Generally, simulations (index 2 in Figure 5.2) resemble the experimental results well, using 

the following empirical contact line parameter pairs YFW Slip,ε ε⎡ ⎤⎣ ⎦ , see equation (5.1): Case a) 

[0.75, ], case b) [0.45, ] and case c) [0.15, 21 10⋅ 21 10⋅ 30 33 10. ⋅ ].  The interest in these 

parameter findings is threefold.  First they provide an interaction strength between the liquid 

and the solid starting from an intense interaction (leading to a pronounced wetting) in case of 

pure toluene on copper, reduced interaction for the toluene-glass system and finally a 

deteriorated interaction in case of the nanoink on copper.  Second, the contact line friction 

increases by almost an order of magnitude if particles are present.  This can be justified with 

the lock-in of the nano-sized particles in surface inhomogeneities of the substrate leading to 

temporary contact line pinning.  Last and as a summary, the mere out-of-balance Young force 

is not sufficient to capture the wetting dynamics.  Note that the parameters YFWε  and Slipε  are 

not freely interchangeable, meaning that an increased YFWε  (increased wetting force) and an 

increased Slipε  (increased contact line friction) will not result in the same spreading dynamics.  

This is due to the dual effect of increasing Slipε : this measure will increase the contact line 

friction but also in turn the dynamic contact angle, leading to a larger uncompensated Young 

force and a pronounced stick-slip motion of the contact line.  Although this behavior can 

indeed be experimentally observed in case of the nanoink spreading, the model tends to 

overpredict the amount of spread staging for very large Slipε -values. 
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The pressure solution diverges for too large values of YFWε  (above unity; equation 

(5.1) is a source of momentum), whereas too low values (below ( )110O − ) of the latter lead to 

an oscillation of the spreading value due to the oscillating recoiling motion of the droplet 

center.  Also, the reduction of YFWε  causes a physically unrealistic development of a thin film 

at the contact line for later stages: the curvature of the free surface is reduced in the R,Z-plane 

(and to a lower extent also in the azimuthal direction) during spreading, which reduces the 

capillary pressure in the contact line wedge with respect to the bulk droplet.  If the liquid-solid 

interaction is chosen too weak, inertia continues to lower the contact angles below the static 

condition, causing a negative free surface R,Z-curvature in vicinity of the contact line and an 

increased pressure difference.  A mass flow from the bulk liquid to the contact line wedge 

develops, driving spreading independent of the uncompensated Young force and leading to a 

superficial precursor film. 

The model does not capture well the short de-wetting stage as observed in the 

experiments, which is initiated by the recoiling motion of the droplet center.  The latter 

motion is seen also in the simulations and it was found that the de-wetting stage can be 

captured if the contact line friction is relaxed and the interaction parameter YFWε  is reduced.  

However, this measure led in turn to strong oscillations in the secondary spreading rate and to 

the superficial thin-film development mentioned above.  Note in this respect that the 

experimentally observed de-wetting stage is less emphasized for the nanoink spreading, 

although the recoiling motion is intensified due to the reduced radial droplet extent.  This 

supports the view of increased contact line friction for the case involving particles.  This 

increased dissipation is not only caused by the particle-substrate interaction but also due the 

non-Newtonian rheology of the nanoink (section 5.3).  Shear rates in the direct vicinity of the 

contact line are predicted by the model to be in the range of 104 1/s, sufficient to be in the 

dilatropic behavior, [27]. 

 Figure 5.3 a) shows the spreading radius versus time as a comparison between 

simulations using either equation (5.1) or the adsorption / desorption model (AWM, equation 

(2.65)) at the contact line, each for pure toluene and a copper substrate.  The dimensionless 

adsorption frequency in (2.65), 

 
0

0

0

2 w dpl
CL v

κ λ
ω =  (5.13)

 was approximated to equal 15.0.  The AWM overpredicts spreading during the initial 

spreading regime, which is explained by the absence of line friction modelling in relation  
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Figure 5.3 a) Comparison of spreading radius CLR  versus time τ  for two different 
wetting models (a2 –Young force wetting model, equation (5.1), a3 – 
absorption wetting model, equation (2.65)). 

b) Comparison of spreading radius CLR  versus time τ  for suspension 
involving discrete particles and fictitious homogeneous liquid of similar 
total density and viscosity. 

 

(2.65).  This can be artificially improved through lowering the adsorption frequency.  Another 

limitation of the adsorption wetting model is the constant spreading value in the Young-force 

spreading regime, a consequence of the fixed relationship between contact line velocity and 

contact angle.  However, relation (2.65) simplifies the numerical treatment of the contact line 

and the respective simulations are numerically more stable than those using relation (5.1), in 

expense of only a slight decrease in accuracy. 

Figure 5.3 b) compares the spreading radius versus time for the discrete particle model 

employed in this study with a simulation using a fictive homogeneous liquid of increased 

density (1143 kg  m-3 instead of 867 kg m-3, corresponds to 1.5 vol% particle content), an 

increased viscosity ( Pa·s instead of 48.9 10−⋅ 45.6 10−⋅  Pa·s) and an increased surface tension 

compared to pure toluene, to capture the influence of the gold particles on inertia, dissipation 

and cohesion.  Both cases are identical during the inertia-dominated spreading regime, 

demonstrating that the inertia coupling between the discrete computational particles and the 

discrete nodes representing the liquid phase is successful.  The cases differ only slightly 

during the Young-force dominated spreading regime. 

Figure 5.4 a) – c) provides a comparison of the apparent dynamic contact angle 

evolution in time between experiments (index 1) and simulations (index 2) for the three cases 

(a: pure toluene on copper, b: pure toluene on glass, c: nanoink on copper).  The experimental 
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values are certain within ± 10° for very early stages and ± 3-4° for later stages of the impact 

process but are nevertheless useful to discuss some general aspects of the process.  It can be 

seen that the qualitative evolution is similar for all cases consisting of a sharp decrease in 

contact angle during the inertia-dominated spreading regime and a relatively slow approach of  
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Figure 5.4 Apparent dynamic contact angle θ  versus time τ ; a) Toluene on copper w/o 
particle, b) Toluene on glass w/o particles, c) Toluene on copper w/ particles; 
index 1: experiment, index 2: simulation. 

 

the static conditions for long times.  However, the toluene-on copper case invoking particles 

(Figure 5.4 c) shows a significantly prolonged time to reach the equilibrium state, although 

static contact angles at long times are for all cases identical within a range of 5°.  

Additionally, this case features slight oscillations in the contact angle value within 

dimensionless time 2.0 till 6.0 without pronounced changes in spreading.  This suggests a 

weak contact line pinning due to particle interaction and lock-in with the copper substrate.  

 90



Simulations recover the experimental findings within the measurement uncertainty for cases 

a) and b).  For case c) involving particles, the simulated contact angle evolution is shifted 

( 0 5shift .τ∆ ≈ ) during the initial spreading regime compared to the cases without particles.  

Although this meets the general trend of a delayed contact angle evolution seen from 

experiments, simulation overpredicts its extent especially in the time range 0 0 1 0. .τ = − .  At 

later times, the oscillation of the dynamic contact angle and the prolonged time to reach 

equilibrium is captured.  However, these oscillations are weaker and damped out quicker in 

the experiments than predicted by the model.  Numerical tests with an increased surface 

tension, approximated by a formula originally suggested for liquid metal by [36] (see chapter 

3), 

 0
0

ptl
ptl

η
γ γ

η
=  (5.14)

led as expected to an increase in oscillation frequency but did not reduce the amplitude.  

Moreover this measure increases the wetting force, as apparent in (5.1), leading to an 

enhanced spreading.  The fluctuation in the contact angle right at the beginning of the droplet 

impact is a numerical artefact caused by the specific attachment algorithm of fluid elements to 

the substrate as discussed in [37]. 

Figure 5.5 shows the droplet volume normalized with respect to the initial volume of 

the spherical droplet versus time for the experiments.  The measurement starts when the 

droplet shape can be approximated with a spherical cap and the relative volume is computed 

with the formula: 

 2 3

0

d
C L dc dc

d

V R H H
V

= +  (5.15)

CLR  is the dimensionless contact line radius, which was measured with an accuracy of ± 5 – 

8% as stated above.  The measurement accuracy of the droplet center height  is quite low 

due to the inclined camera view and might be as low as 45 - 50% at later stages of evaporation 

(small droplet volumes).  This error is passed on to the uncertainty of (5.15).  The validity of 

relation (5.15) is limited to intermediate stages of the droplet evaporation.  The droplet shape 

cannot be usefully approximated as a spherical cap especially for very early and very late 

times.  The droplet attains more of disc shape for small relative droplet volumes (late times) 

and it was shown by [38] that for colloidal droplets a gelled foot forms near the drop edge at 

late evaporation stages, progressively extending towards the droplet center.  However, the 

dcH
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results computed with equation (5.15) give a useful first overall trend with the limitations 

mentioned. 

 Generally, evaporation is faster for the cases without particles (case a and b).  Linear 

fits to the curves shown in Figure 5.5 provide a relative evaporation rate of about 

 for the cases without particles.  The evaporation rate for the case 

incorporating particle transport is almost half the previous value, 

( ) 5
0/ 7.5 1d dd V Vτ

−∝ ⋅ 0

0( ) 5
0/ 3.6 1d dd V Vτ

−∝ ⋅ .  

This result is as expected since the presence of particles hinders the evaporation of the carrier 

liquid due to the build-up of crust-like agglomerations at the free surface for later stages, [7].  

In fact, the evaporation rate for colloidal liquids is only at first a linear function of time, 

followed by an asymptotic reduction of evaporating mass flux to zero.  This is visible for case 

c): the average deviation of droplet volume from the linear fit provided above for case c) is 

4.0% within time range 2000 – 6000, but 6.1% within time range 6000 – 10000. 
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Figure 5.5 Relative droplet volume versus time τ  (Captured from experiments w/ high 
speed camera). 

 

The total simulation time was adapted to the duration in which the main fluid dynamical 

aspects of the problem are finished, here .  This time frame is too short 

for significant mass loss through evaporation at ambient conditions to occur.  Note that the 

time span displayed in Figure 5.5 is more than 3 orders of magnitude larger than the time span 

of the simulations.  The simulations show average mass fluxes of about .  

Figure 5.6 depicts the temporal evolution of the dimensionless, area specific mass flux 

(normalized by the density of pure toluene and the initial impact velocity) for the toluene-

110 0 57end ,sim . msτ =

2 23 10 kgm s− −⋅ 1−

 92



copper system without (a) and with (b) particles.  The abscissa denotes the current arc length 

starting at the contact point, normalized with respect to the maximum arc length at the center 

axis location.  As outlined in section 2, the mass flux in the present model is mainly a function 

of surface temperature, relative velocity of the free surface to the stagnant ambient air and 

surface curvature (i.e. Kelvin-effect).  The curvature effect on evaporation remains generally 

small; the maximum deviation of the Kelvin-factor from the initial value (1.00005) is 45 10−± ⋅  

for all simulations and times.  The oscillations in the mass flux distribution at 0 5.τ =  (case w/ 

and w/o particles) and the elevated mass flux in vicinity of the droplet center ( 1 0maxS / S .= ) 

for the nanoink case at [ ]1 0 3 0. , .τ =  are due to variations and enhancements of the local free 

surface velocity sV  (see relation (5.6)), caused by recoiling motion. 
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Figure 5.6 Simulated surface mass fluxes for toluene on copper for time τ =  0.5, 1, 2, 3, 4, 
5, 6, 7, a) w/o particles, b) w/ particles. 

 

Figure 5.7 shows the corresponding surface temperature distributions.  The ordinate contains 

the dimensionless temperature defined in (2.11) with 1,0 383T K=  and .  The 

surface is cooled due to evaporation about 0.7  on the average between 

2,0 298T = K

K 0 7 443 sτ µ= −  

for toluene on copper without (a) and 1  on average with particles (b).  The temperature 

distribution along the surface is quite uniform for the case without particles, except for the 

gradient in vicinity of the contact line.  The minimum absolute temperature is 297.2 K at 

K

7 0.τ = .  The temperature surface distribution for the case with particles is less uniform with a 

pronounced temperature minimum at max/ 0.65 0.75S S ≈ −  for [ ]2 0 7 0. , .τ = , whereby the 

minimum absolute temperature is 296.7 K at 7 0.τ = .  The enhanced cooling of the latter case 
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can be explained by the smaller droplet foot print (reduced spreading of the nanoink), limiting 

the heat flux from the substrate.  Note that all temperatures mentioned refer to the surface and 

not to the bulk.  The higher surface temperature at the drop center for the nanoink case is due 

to the strong oscillation of the droplet center, whereby the temperature gradient and in turn 

also the conductive heat transport from the substrate to the free surface is enhanced upon 

approach of the drop center to the substrate.  The generally elevated temperature in vicinity of 

the contact line ( ) is due to the proximity of the substrate.  Its temperature is 

almost constant throughout the simulation due to its comparably high heat capacity and 

thermal conductivity.  These gradients are oriented in a direction obstructing spreading, since 

the surface tension gradient points to the drop center and not to the contact line. 

max/S S = 0

a) 

S/Smax [-]

Th
et

a
[-]

0 0.25 0.5 0.75 1-0.016

-0.012

-0.008

-0.004

0

tau = 5.0

tau = 0.5

tau = 7.0tau = 6.0

tau = 3.0

tau = 4.0

tau = 2.0

tau = 1.0

 

b) 

S/Smax [-]

Th
et

a
[-]

0 0.25 0.5 0.75 1-0.016

-0.012

-0.008

-0.004

0

tau = 5.0

tau = 0.5

tau = 7.0tau = 6.0

tau = 3.0

tau = 4.0

tau = 2.0

tau = 1.0

 
 

Figure 5.7 Simulated surface mass temperature sΘ  for toluene on copper for time τ =  0.5, 
1, 2, 3, 4, 5, 6, 7, a) w/o particles, b) w/ particles. 

 

In the following, an estimation is presented to decide whether these gradients are sufficient to 

initiate thermocapillary motion, especially at later stages where inertia effects have practically 

vanished.  For this purpose, the magnitudes of the corresponding characteristic times for the 

different thermal transport mechanisms shall be discussed, [39].  Local surface temperature 

fluctuations can be equilibrated through thermal diffusion or thermocapillary convection.  The 

time scale for thermal diffusion is: 

 
2
0

diff
dt
α

=  (5.16)

where α  is the liquid thermal diffusivity ( 7 2 10.87 10tol m sα − −≈ ⋅ ).  Here,  is O( ).  

The characteristic time to initiate Marangoni flow reads: 

difft 110 s−
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Where s
sT∂  is the tangential temperature gradient along the free surface, which can be 

estimated through energy conservation at the free surface, balancing the latent heat sink 

fgm h′′ ⋅ , thermal conduction and thermocapillary convection: 

 TM a fgs s ss s
s n

n n

u hA AT T T m
A A kα

′′∂ + ∂ + ≈  (5.18)

298sT ≈ K  is the surface temperature, s
nT∂  is the temperature gradient normal to the 

surface and s nA / A  is the ratio between the tangential and the normal area of the control 

volume, which can be shown to approach the value of 2.  The constant k  is the thermal 

conductivity of the liquid and 
TMau  is a characteristic Marangoni velocity defined as: 

 0
T

T s
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ref

d d
u T

γ
η
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With this, (5.18) becomes: 
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Therefore: 
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The characteristic time for evaporation can be approximated with 

 ( )
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 (5.22)

which is about  in this application.  With the above, one finds for (5.21): 13 10 s−⋅

 0 0
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T tt vTt t
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 (5.23)

12.0TMa ≈  is the absolute value of the Marangoni number defined in (2.55) and 

.  The ratio between the normal and the tangential temperature gradient 

can be seen from the simulations to be of O(1).  Finally, using the typical mass flux 

mentioned above, the time scale to initiate thermocapillary motion is with O( ) 

significantly larger than the thermal diffusion time scale.  This suggests that thermocapillary 

5
0 0 0/ 6.3 10t d v −= = ⋅ s

0 110 10 s−
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flow potentially caused by an uneven evaporation is not initiated before thermal diffusion can 

compensate for local temperature fluctuations along the free surface.  The characteristic 

thermal diffusion time is even further reduced in the case where particles are present, 

considering the strong increase in thermal conductivity for liquids in which ultra-fine 

conductive particles are suspended, as stressed in [40]. 

Figure 5.8 illustrates the different stages of droplet spreading for the dimensionless 

times τ =  0.5, 1, 2, 3, 4, 5, 6 and 7 in case of depositing pure toluene on copper.  Shown are 

dimensionless isotherms (left) and streamlines (right).  The droplet attains rather quickly a flat 

cross sectional shape with a surface curvature in the R,Z-plane approaching zero in the 

vicinity of the contact line.  The approximation to a spherical cap is poor at early times but 

suitable beyond 4 0.τ = .  Vortex flows primarily develop in the vicinity of the contact line, as 

also explained in [37].  The temperature gradient sharpens significantly in the contact area 

between the drop and the substrate, which is entirely a consequence of the thermal contact 

resistance defined in the model.  An area-specific resistance-value of '' 4 2 1
, 7.3 10th ctR m KW− −= ⋅  

was set in the present simulations according to [41]. 

Figure 5.9 shows the equivalent spreading stages (dimensionless times τ =  0.5, 1, 2, 

3, 4, 5, 6 and 7) in case of a toluene droplet deposited on a copper substrate containing 

particles.  The left sides of the depicted droplets render the position of the computational 

particles, whereby the size of the particles is exaggerated for the sake of readability.  The right 

sides illustrate again the streamlines.  The insets show a separation line between regions 

within the droplet with a different degree of particle motion, which will be detailed below.  It 

can be seen that the reduced spreading leads to a generally more compact droplet compared to 

the formerly described case, favouring a significantly enhanced oscillatory recoiling motion.  

Although the small particle Stokes number defined in equation (5.9) suggests that the particles 

should follow the outer flow conditions instantaneously, Figure 5.9 reveals that the particle 

motion in the upper center region is delayed through inertia effects during the first recoiling 

stage (see 1 0.τ = ).  The particle ordering in stripes in this region is due to the initial seeding 

method of the computational particles.  The Stokes number defined in relation (5.9) was 

obtained from the particle motion equation (5.7) using the initial droplet diameter divided by 

the impact velocity as the characteristic time scale ( , . 0 0/l chart d v= ) and the initial impact  
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Figure 5.8 Simulated isotherms and streamlines for toluene on copper, w/o particles, times 
τ = 0.5, 1, 2, 3, 4, 5, 6, 7 (from top to bottom). 
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Figure 5.9 Simulated particle position (left) and streamlines (right) for toluene on copper, w/ 
particles, times τ = 0.5, 1, 2, 3, 4, 5, 6, 7 (from top to bottom); separation line between 
regions with strong and weak particle motion (insets). 

 

velocity as characteristic velocity of the flow.  These global time and velocity scales (and 

therefore the Stokes number) are not representative of the recoiling phase, causing the inertia 

term in equation (5.7) to be significantly larger than unity.  If .  is the characteristic time 

scale and  the characteristic velocity scale of the flow during recoiling, then 

,rc chart

.,rc charv

 ( )0 1rc ,char .

l ,char . rc ,char .

t v d W O
t v τ =  (5.24)

and a modified Stokes number can be introduced defined as: 

 
0

* l ,char . rc ,char .
p p

rc ,char .

t v
S tk Stk

t v
=  (5.25)

 

Figure 5.10 plots the axial derivative of the absolute axial velocity on the droplet center 

versus axial coordinate briefly after impact ( 0.0τ = , solid line) and for the strongest recoiling 

motion ( 0.93τ = , dashed line).  From this figure one can derive: 

 ( )
( )

25
1

z l ,char . l ,char .m ax
Z m ax

l ,char . char .,m in rc ,char .

abs v t t
abs V

/ t t t

⎡ ⎤∂ ⎣ ⎦⎡ ⎤∂ = = ≈ ≈⎣ ⎦  (5.26)

z  and  are herein the axial coordinate and the axial velocity with dimensions.  Furthermore, 

axial peak velocities during recoiling (not shown here for brevity) can be about 2.5 times 

larger than the initial impact velocity.  With this,  is of 

v

*
pStk ( )310O −  suggesting the presence 

of weak inertia effects during recoiling.  The inertia effect discussed above dilutes the particle 

distribution in the upper droplet region, a fact which is only partly compensated by the 

particle diffusion force during the rest of the impact process.  Stronger rarefaction occurs 

through the oscillatory flow motion in the vicinity of the free surface beyond 2 0.τ = .  The 

relative location of this region within the droplet is quite stationary at about 0 6maxS / S .≈ .  

On the contrary, particles are accumulated in proximity of the substrate in the bulk liquid.   
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Figure 5.10 Axial gradient of absolute axial velocity on droplet center briefly after droplet impact 
(solid line) and during recoiling (dashed line). 

 

Two particle regions can be defined: an outer flow region (region 1), with strong particle 

motion and an inner region (region 2), in which particle motion is significantly reduced.  This 

region approximately coincides with the recirculation zone during recoiling.  The separation 

line between those two regions is drawn for each instant in the insets of each picture in Figure 

5.9.  It is deduced that the oscillatory flow motion initiates a structuring of those particles 

located in the inner region.  This inertia-actuated particle structuring needs to be stressed, 

since it potentially provides a new mechanism to explain the characteristic cross-sectional 

shape as encountered during the printing and drying of particle suspension droplets, [1].  This 

shape is often referred to as bowl or trough shape, since the surface is elevated at the outer 

regions with a dimple in the center.  Previous studies attributed this effect solely to the 

occurrence of Marangoni convection due to localized heating through e.g. laser irradiation as 

in [2] and in [42].  However, the accumulation of particles in the droplet circumference can 

also be observed during pure drying without additional heat source.  As shown in the previous 

section, regular evaporation at ambient conditions cannot initiate thermocapillary flow.  The 

established explanation of the latter phenomenon focuses on the increased evaporation rate at 

the contact line, leading to a flow of suspension liquid from the interior outwards, thereby 

accumulating particles at the contact line (ring stain formation), [3].  This mechanism is 

restricted to a limited mass accumulation, since it becomes increasingly difficult for the 

solvent to convect to the contact line with rising mass deposition.  However, [43] mentions 

the possibility that the capillary pressure between the agglomerated particles supports the 

solvent transport.  All of these studies implicitly assume segregation between particles and 
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carrier liquid only due to evaporation.  The current study proposes that inertia effects and flow 

patterns during recoiling lead to a segregation of particles from the solvent and a pre-

structuring in the region 2 defined above, creating a dimple in the cross-sectional particle 

distribution. 

Figure 5.11 shows the minimum interparticle distance for each computational particle 

as a function of radial particle location for the dimensionless time 7 0.τ = .  The droplet height 

is thereby cut in equally spaced slices of width 0 05Z .∆ = , starting from [ ]0 0 0 05Z . , .=  for 

the top figure and ending at [ ]0 45 0 5Z . , .=  for the last figure.  Although the absolute value for 

the interparticle distance is a function of the number of computational particles initially 

seeded, the qualitative trend is general, since no particle interaction is assumed.  Apparently, 

the smallest interparticle distance exists at the interfaces, i.e. at the liquid-substrate interface 

(first slice) and at the free surface (all slices for maximum radial location).  The latter 

observation is a direct proof of the tendency for crust formation at the free surface.  The 

bandwidth of interparticle distance has a minimum at [ ]0 15 0 2Z . , .=  (fourth slice), whereas it 

is maximum for the droplet top region (last three slices).  This bandwidth can be considered as 

an indication of particle structuring: a large bandwidth suggests low particle order and a low 

bandwidth implies a high degree of particle structuring.  Considering slice 4 (minimum 

bandwidth), the highest particle order appears not in vicinity of the droplet center but at radial 

locations between 0 5R .=  and 0 6R .= . 

Figure 5.12 depicts the number of neighbours of each particle within a certain cutoff-

distance for the same instants and slices as in Figure 5.11.  The absolute value is again a 

function of the number of computational particles used and additionally of the specific cutoff-

radius-value chosen.  However, as for the minimum interparticle distance, qualitative results 

are general.  The number of neighbours reduces significantly at interfaces, which is physical 

for the free surface and the liquid-substrate interface but an artefact of the method for the 

droplet center, i.e. 0R = .  This artefact occurs since only one half of the droplet and the 

corresponding computational particles are simulated (axis-symmetric domain).  Therefore, the 

small number of neighbours on the symmetry axis has to be interpreted with care.  Particles at 

0 1R .=  and [ ]0 05 0 1Z . , .=  have the most neighbours, which is due to the particle 

agglomeration caused by the dynamic impact process.  Interesting is the local maximum 

( [ ]0 0 2Z , .= ) respectively global maximum ( [ ]0 2 0 35Z . , .= ) of neighbours in vicinity of the 

free surface.  The latter slices (slice 5 – 7) resemble the bowl shape, whereas the last three  

 101



[ ]0 0 0 05Z . , .=  

R [-]0 0.25 0.5 0.75

D
istance

[-]

0

0.005

0.01

0.015

0.02

 

[ ]0 05 0 1Z . , .=  

R [-]0 0.25 0.5 0.75

D
istance

[-]

0

0.005

0.01

0.015

0.02

 

[ ]0 1 0 15Z . , .=  

R [-]0 0.25 0.5 0.75

D
istance

[-]

0

0.005

0.01

0.015

0.02

 

[ ]0 15 0 2Z . , .=  

R [-]0 0.25 0.5 0.75

D
istance

[-]

0

0.005

0.01

0.015

0.02

 

[ ]0 2 0 25Z . , .=  

R [-]0 0.25 0.5 0.75

D
istance

[-]

0

0.005

0.01

0.015

0.02

 

[ ]0 25 0 3Z . , .=  

R [-]0 0.25 0.5 0.75

D
istance

[-]

0

0.005

0.01

0.015

0.02

 

[ ]0 3 0 35Z . , .=  

R [-]0 0.25 0.5 0.75

D
istance

[-]

0

0.005

0.01

0.015

0.02

 

 102



[ ]0 35 0 4Z . , .=  

R [-]0 0.25 0.5 0.75

D
istance

[-]

0

0.005

0.01

0.015

0.02

 

[ ]0 4 0 45Z . , .=  

R [-]0 0.25 0.5 0.75

D
istance

[-]

0

0.005

0.01

0.015

0.02

 

[ ]0 45 0 5Z . , .=  

R [-]0 0.25 0.5 0.75

D
istance

[-]

0

0.005

0.01

0.015

0.02

 
 

Figure 5.11 Minimum interparticle distance at time τ =  7.0.  Shown are slices in radial 
direction of 0 05Z .∆ =  width starting from 0 0Z .=  till 0 5Z .=  (from top to 
bottom). 

 

slices ( [ ]0 35 0 5Z . , .= ) do not show a clear trend.  Summarizing Figure 5.11 and Figure 5.12, 

the combination of inertia-actuated particle agglomeration (Figure 5.12) and ordering (Figure 

5.11) leads to a particle pre-structuring, favouring a bowl-shape after drying. 

 

5.7. Conclusions 

 

This chapter summarized a study which investigated interweaved thermophysical phenomena 

during the deposition of toluene microdroplets containing ultrafine gold nanoparticles on flat 

substrates under ambient conditions.  Special attention was assigned to the dynamic aspects of 

the problem such as wetting, thermocapillary flow, evaporation of the solvent and particle 

motion in the dilute limit.  Numerical results of the time-dependent parameters were 

compared with experiments conducted with a high-speed camera.  Spreading was 

experimentally and numerically shown to be reduced up to about 30% by the presence of 

particles, which was attributed to the enhancement of viscosity, contact line friction and 

liquid-vapour interfacial tension.  It was seen that the deviation from the cases utilizing pure  
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Figure 5.12 Number of neighbour particles within cutoff-radius at time τ =  7.0.  Shown are 
slices in radial direction of 0 05Z .∆ =  width starting from 0 0Z .=  till 0 5Z .=  
(from top left to bottom right). 

 

liquid originates predominantly from the initial inertia-dominated spreading regime, 

suggesting shear-thickening effects.  The contact line model employed was compared to a 

wetting model available in the open literature, which is also based on the uncompensated 

Young force as driving mechanism for wetting.  Experiments revealed that the presence of 

particles reduces the evaporation rate by almost 50%, whereas theoretical considerations 

provided a timescale to initiate thermocapillary flow due to temperature gradients caused by 

evaporation.  With this it was shown that the evaporation rate in the present case under 

ambient conditions is too low to initiate Marangoni flow.  This is especially valid for cases 

involving particles, since the thermal conductivity is markedly increased.  The incorporated 
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particle model predicts segregation between solvent and particles due to inertia effects and a 

pre-structuring of the latter within a region in the substrate proximity during oscillatory 

recoiling stages.  It was suggested that this mechanism can add to previously identified 

effects, namely thermocapillarity and evaporation, leading to the characteristic trough shape 

developing during the drying of colloidal suspension droplets. 
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6. Laser heat induced nanoparticle motion and coagulation in dispersion 
liquids 

 

6.1. Introduction 
 

Ultrafine particles in the nanometer-range present unique thermophysical properties, 

exemplified by a significantly reduced melting temperature compared to the bulk counter part, 

[1].  The particles are commonly dispersed for technical applications in a volatile carrier 

liquid to facilitate the transport.  The controlled deposition and successive heating of these 

nano-inks has led to innovative manufacturing methods for example for electrical conducting 

structures, [2].  These methods require the control of free surface micro-fluidics, 

thermocapillarity, wetting and evaporation under the influence of an external heat source for 

the liquid phase as well as particle motion, coagulation and coalescence for the solid phase 

dispersed.  Although these physical phenomena involved are omnipresent in nature and 

technology, [3], it is technically challenging to use the interweaved effects in a deterministic 

fashion.  Criteria for method optimization in electronics are the reduction of feature sizes and 

of the specific electrical resistance.  Feasible targets of optimization are the kind of 

particle/carrier liquid combination as well as the modification and modulation of the nano-ink 

transport and heating.  In case of gold nano-particles, toluene and α -terpineol are the most 

common carrier-liquids, in particular if high particle concentrations are required.  [4] printed 

the nano-ink line with a drop-on-demand (DOD) ink jet device, whereby an oven was used to 

evaporate the carrier liquid and to cure the nano-particles.  In the recent work of [5], a laser 

was used to heat the nano-ink.  Substrate damage can be avoided through the use of a pulsed 

laser, as discussed in [6].  The latter authors also investigated the utilization of a shape-

modulated laser beam to eliminate the formation of the characteristic “bowl” shape 

encountered in the cross-section of the conductors formed, [7].  [8] used the fountain-pen 

principle instead of the DOD-method to deposit the nano-ink, which led to a reduction in the 

conductor width. 

This chapter is intended to complement the optimization efforts experimentally 

performed so far by means of numerical investigations.  Additional phenomena, which are 

difficult to analyze with experiments, such as the timing of the heating with respect to the 

fluid mechanics, are also explored. 
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The microfluidics model employed is again based on the one outlined in chapter 2.  It 

accounts herein for thermocapillarity (thermal Marangoni-effect), Young-force-driven 

wetting, evaporation and laser light absorption.  Besides the inertia-controlled particle model 

summarized in chapter 5, a particle coagulation model is employed.  It uses a continuous 

particle number concentration field and assumes a locally monodispersed particle distribution.  

The influence of the laser diameter, laser intensity, absorption coefficient, the beginning of 

the laser irradiation as well as the substrate thermal diffusivity on the motion of the carrier 

liquid and the suspended particles is studied.  The coagulation model is used to identify 

regions of increased particle agglomeration, which allows making suggestions for process 

improvement. 

 

6.2. Extensions to previously employed microfluidic and particle model 

 

The microfluidic model is identical to the one employed in the previous chapters with 

equation (2.65) used as the contact line model (adsorption/desorption model).  The 

evaporation model presented in chapter 5 is also used herein, except when boiling conditions 

are reached: the Spalding coefficient, equation (5.4), becomes singular for this case and the 

mass flux is adjusted so that the boiling temperature is not exceeded. 

The laser light absorption is invoked according to the Lambert-Beer law, which 

defines a volumetric source term in the energy equation (6.1): 

 ( )0
''' '' s

abs absI a I exp a δ= −  (6.1)

absa  is the absorption coefficient, 0
''I  is the area-specific laser irradiation and sδ  is the 

penetration depth with respect to the axial position of the free surface.  For large absorption 

coefficients, 0
''I  is applied to the free surface only instead of using equation (6.1).  This allows 

for boiling conditions to balance the laser heat input directly with the latent heat of 

evaporation, reducing the effective energy source term to be implemented and improving the 

numerical stability. 

Solution procedure, meshing density and computational time were similar to the cases 

presented in chapter 5.  The initial droplet diameter was 95 microns and the particle content 

was 1.5 vol% for all cases considered.  The initial droplet and substrate temperature was 298K 
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and the impact velocity was set equal to 1.5 m/s.  The static contact angle is set to 30sθ = °  

(glass), as seen from the experiments described in chapter 5. 

 

6.3. Results of combined fluid/discrete particle model 
 

The fluid/discrete particle model outlined in chapters 2 and 5 is used to discuss the influence 

of laser diameter, laser intensity, absorption coefficient as well as the beginning of the laser 

irradiation on the motion of the carrier liquid and the suspended particles.  Additionally, the 

influence of the substrate thermal diffusivity is investigated for polyamide, glass and copper.  

Thermal conductivity and heat capacity of copper are taken from [9], those of glass are taken 

from [10] and [11] and the manufacturer’s information is used in the case of polyamide [12].  

Where not explicitly stated, the laser irradiation starts for all cases at the dimensionless time 

9 0.τ =  ( 0 0lsr .τ = ) when the droplet has attained equilibrium conditions, Figure 6.1.  A flat 

laser intensity profile is used in all cases. 
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Figure 6.1 Nanoink curing setup. 
 

Figure 6.2 shows the droplet cross sectional shape for the dimensionless laser beam diameter 

 (∅ 0beamwidth d∅ = ) 0.1, 0.2, 0.5, 1.0, 2.0 and 3.0 at constant absorption coefficient 

 and the dimensionless laser intensity 0 4 0abs absâ a d .= ⋅ = 0 1LHP .= .  The latter is defined as: 

 ( )
0

0 1 0 2 0

''

l p l , ,

IL H P
c v T Tρ

=
−

 (6.2)

plc  is the liquid heat capacity.  The value 1 0LHP .=  corresponds to  for the 

parameters used herein.  This intensity can be provided by a 0.17 Watt laser, if  and 

the initial droplet diameter is 95 microns.  The dimensionless time of 

90 2 10. Wm−⋅ 2

0 35.∅ =

2 8lsr .τ =  (equivalent to 

177 33. sµ ) was chosen as a compromise between quasi-steady state conditions for as many 

cases as possible and simulation validity.  The computations become increasingly unstable 

when only a thin liquid film is left in the droplet center region, at the end represented by only 
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a one element layer in axial direction.  Figure 6.2 shows particle location (left) and the 

smallest interparticle distance for each computational particle relative to the initial value as a 

contour plot (right).  The area in between the two vertical lines marks the irradiation range of 

the laser heat.  The local heating leads in all cases where the laser diameter is significantly 

smaller than the initial droplet foot print (cases a to e) to a thermocapillarity-driven radial 

displacement of the nano-ink in the direction of the contact line.  This causes a more (a-c) or 

less (d-e) pronounced dimple in the center region.  The thermocapillary flow remains local for 

small laser diameters (a-b), so that it does not affect the foot print diameter.  On the other 

hand, mass is accumulated at the contact line region for larger beam diameters, increasing in 

turn the contact angle and initiating a Young-force driven spreading of the droplet.  If the 

laser diameter is of similar size or larger than the initial droplet foot print (f and g), the 

development of a dimple in the center region cannot be observed.  Instead, the strongly 

elevated temperature and the corresponding low surface tension lead to an increasingly 

unstable free surface with high-frequency surface waves.  Of particular interest is case g), 

where the laser diameter is larger than the initial droplet foot print.  The absence of large 

temperature gradients along the free surface prevents the radial displacement of liquid from 

the center region; the Young-force induced spreading should therefore be avoided as well.  

However, the liquid spreads noticeably also in this case.  The vicinity of the substrate, acting 

as a heat sink, suggests that a temperature gradient is established at the contact line, initiating 

local thermocapillary flow towards the contact line and enhancing spreading.  Indeed, 

additional simulations (not shown for brevity) indicate that spreading can be completely 

prohibited for this laser beam diameter, if the thermal contact resistance to the substrate is 

sufficiently large. 

The suspended particles are removed together with the liquid from the laser 

penetration zone for cases a) to d), except for those located in the thin film left behind.  On the 

contrary, the particles remain in the core region for cases f) and g) with case e) as a transition 

case.  The insets in Figure 6.2 a)-g) illustrate the smallest interparticle distance for each 

computational particle relative to the initial value.  The absolute values are dependent on the 

number of computational particles initially seeded, but the qualitative trends are of general 

validity.  The temperature-gradient induced free surface flow in the transition zone between 

liquid penetrated or not penetrated by the laser light leads to local particle accumulation along 

the surface if the laser beam diameter is markedly smaller than the initial droplet foot print 

(cases a-e).  This accumulation cannot be observed if the laser influences the entire liquid or 

at least a large part of it (cases f-g).  Instead a homogeneous particle distribution is seen. 
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Figure 6.2 Particle distribution (left), minimal interparticle distance (right) for different 
laser diameters; a) , b) 0 1.∅ = 0 2.∅ =  c) 0 35.∅ =  d) 0 5.∅ =  e)  f) 

 g) . 
1 0.∅ =

2 0.∅ = 3 0.∅ =
 

The particle rarefaction in the upper droplet center region for the latter two cases is due to the 

high-frequency oscillatory motion of the free surface (reduced surface tension), where the 

particle inertia prevents an immediate reaction. 

Figure 6.3 depicts, for the same cases as presented in Figure 6.2, the dimensionless 

free surface temperature evolution along the free surface line.  0maxS S =  coincides with the 

contact line, whereas 1maxS S =  is the droplet top center point.  A zero valued dimensionless 

temperature refers to ambient conditions, whereas the liquid is boiling at unity.  The complete 

process time is for all cases 2 8 177 33range . . sτ µ∆ = .  Each line corresponds to one time-

instant and the time step from one line to the next is 0 1 6 33. . sτ µ∆ = .  The maximum 

dimensionless free surface temperature is for cases a) to d) 0.25, whereas it is 0.5 for case e) 

and 0.8 for f) and g).  Two temperature regions can be defined: the first exhibits a constant 

heating rate of the free surface under laser penetration, combined with a constant heat 

diffusion/convection rate along the free surface.  This regime takes place until 1 0heatup .τ =  for 

cases a) to d), 2 0heatup .τ =  for case e) and has not finished for cases f) and g) in the time range 

shown.  The second regime emerges when only a thin liquid film is left in the laser  
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Figure 6.3 Surface temperatures for laser diameter variation a) to g), time [ ]0 2 8lsr , .τ = . 
 

penetration zone with an almost constant free surface temperature.  The absorbed laser heat is 

balanced through heat diffusion into the substrate and re-establishes a large temperature 

gradient between the penetrated and un-penetrated zone.  The thin film formed is artificially 

kept in the simulation since the meshing routine requires a closed boundary line.  In reality, 

the heated zone can be considered as being dry beyond the initial formation of the film. 

It is noteworthy that the laser influences the free surface temperature only locally for 

cases a) to d), and the temperature close to the contact line remains undisturbed.  Thus, the 

spreading observed in these cases cannot be a direct consequence of Marangoni-flow at the 

contact line but is initiated by the dynamic flow pressure built up in the laser penetration zone 

through thermocapillarity-induced displacement.  This triggers spreading to compensate for 

the Young-force.  However, a significant temperature gradient develops in vicinity of the 

contact line for case e) and especially for cases f) and g).  For the latter two cases, spreading is 

directly driven through contact line Marangoni-flow. 

As seen in Figure 6.2, there is a clear separation between cases penetrated by a laser beam 

much smaller than the initial droplet diameter and those using a wider beam.  Figure 6.3 

reveals that this does not only apply with respect to the final cross-sectional shape but also 

considering the surface temperature distributions.  Although this separation is generally to be 

expected, it is noteworthy that  demarks the transition case. 1 0.∅ =

Figure 6.4 depicts the results of the laser intensity variation 

( ) at constant laser diameter 0 1 0 5 1 0 2 0LHP . , . , . , . , .= 3 0 0 35.∅ = , absorption coefficient 
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4 0absâ = .  and at times when the respective simulation reaches stationary conditions (a) or 

aborts, i.e. the film thickness becomes too small to be considered as being continuous.  

Isotherms and the relative change of the smallest interparticle distances with respect to the 

initial value for each computational particle are shown.  Increasing the laser intensity shortens 

the time until the invalid thin film configuration is attained: for b) to c) it is 

1 2film / LHP .τ∆ ∆ = − , for c) to d) it is 1 0film / LHP .τ∆ ∆ = −  but it is 4 0film / LHP .τ∆ ∆ = −  for 

d) to e).  The inconsistency in this trend especially in the last case is partly due to a free 

surface at boiling conditions, which is wavy as a consequence and therefore difficult to treat 

numerically.  Additionally there exists a trade-off, which suggests that a more uniform (such 

as linear) behavior cannot be expected: increasing the laser intensity increases also the heat 

absorbed.  The larger the amount of absorbed heat the larger is the surface temperature 

gradient established within the transition zone between the liquid penetrated/non-penetrated  

 

0.00 0.04 0.09 0.13 0.17 0.21 0.26 0.30 0.34 0.39 0.43 0.47 0.51 0.56 0.60
Interparticle distance:

R
-1.75 -1.5 -1.25 -1 -0.75 -0.5 -0.25 0 0.25 0.5 0.75 1 1.25 1.5 1.75

1
2 3 4 5 6 7

Z

0
0.1
0.2
0.3
0.4

1
-0.013

2
-0.008

3
0.000

4
0.009

5
0.015

6
0.030

7
0.240

1

2 3
4 5 6

Z

0
0.1
0.2
0.3
0.4

1
-0.009

2
0.002

3
0.023

4
0.037

5
0.164

6
0.606

1 2 3 3 4 5 6 7

Z

0
0.1
0.2
0.3
0.4

1
-0.004

2
0.020

3
0.037

4
0.066

5
0.120

6
0.243

7
0.807

1 1 1 2 3 4 5 6

Z

0
0.1
0.2
0.3
0.4

1
0.013

2
0.039

3
0.138

4
0.235

5
0.531

6
0.987

1 2 3
4 5 6

Z

0
0.1
0.2
0.3
0.4

1
-0.011

2
-0.004

3
0.033

4
0.255

5
0.574

6
0.949

a)

b)

c)

d)

e)

 

Figure 6.4 Fluid temperature (left) and smallest interparticle distance (right) with varying 
laser intensities and at the time of simulation stop; a) 0 1LHP .= , 5 9lsr .τ =  b) 

0 5LHP .= , 1 5lsr .τ =  c) 1 0LHP .= , 0 9lsr .τ =  d) 2 0LHP .= , 0 8lsr .τ =  e) 
3 0LHP .= , 0 4lsr .τ = . 
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This eventually reduces the time the droplet core liquid is heated by the laser and therefore the 

total heat input.  However, if the laser intensity is further increased, the liquid acceleration is 

too strong as that the uncompensated Young force would accelerate the contact line 

sufficiently fast.  The bulk liquid from the droplet center overtakes the fluid displaced by the 

moving contact line and a liquid torus develops, case e). 

The relative smallest interparticle distances depicted on the right hand sides of the 

images in Figure 6.4 indicate thermocapillarity-induced particle compression along the free 

surface as also observed in Figure 6.2.  Pronounced particle rarefaction occurs for the highest 

laser intensity in case e) in the far side of the torus with respect to the laser location.  This is 

due to the particle inertia combined with the rapid liquid displacement.  The torus seen is 

known to be azimuthally unstable, which generates a full three-dimensional configuration.  

The validity of the axisymmetric simulation is therefore questionable at the occurrence of this 

phenomenon.  The prediction that this torus appears is nevertheless physical: the 

instantaneous (area-specific) Marangoni force is in this case about 1.8 kPa; the 

uncompensated (area specific) Young force is however only about 13.4 Pa (for a dynamic 

contact angle of 40θ = ° ) but at most 0.25 kPa ( 180θ = ° ). 

Figure 6.5 provides the cross sectional droplet shapes, isotherms and smallest 

interparticle distances for the absorption coefficients 1 0 4 0 20 0absâ . , . , .=  and  at the 

time instant when the respective simulation reaches a quasi-steady-state (a-b) or aborts.  The 

last case utilizes an energy source term at the free surface instead of a volumetric energy 

source term as for smaller absorption coefficients (larger absorption depths).  Increasing the 

absorption coefficient (reducing the absorption depth) has a similar effect as increasing the 

laser intensity.  The influence of the absorption coefficient is hereby exponential, equation 

(6.1).  The liquid displacement is significantly enhanced only for very large absorption 

coefficients (case d), leading to a torus-formation as similarly seen in Figure 6.4 e).  The 

violent fluid motion is in both cases, Figure 6.4 e) and Figure 6.5 d), caused by a very steep 

temperature gradient between the laser heated and not heated free surface.  The free surface 

within the laser beam reaches almost instantaneously boiling condition, whereas the liquid 

outside the laser beam is still at ambient temperature. 

absâ →∞
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Figure 6.5 Fluid temperature (left) and smallest interparticle distance (right) with varying 
absorption coefficient at time of simulation stop; a) , 1 0absâ .= 2 5lsr .τ = , b) 

, 4 0absâ .= 5 9lsr .τ = , c) 20 0absâ .= , 1 1lsr .τ = , d) , absâ →∞ 0 3lsr .τ = . 
 

A simulation was conducted where the laser light ( 0 1LHP .= , 0 35.∅ = , ) is 

switched on throughout the droplet deposition process; i.e. it was not awaited until the droplet 

comes to a complete rest as before (results not shown for brevity).  The final end shape agrees 

with the one shown in Figure 6.4 a).  Of interest is the superposition of thermocapillary flow 

with the recoiling droplet motion, which is absent in the former cases.  The dimple in the 

center is still generated but successively closed (re-wetted) and re-formed several times until 

the end-shape is reached.  This harbours the possibility to deposit several mono-layers of 

nano-particles on top of each other during the impact. 

4 0absâ .=

 Simulations employing a Gaussian laser profile did not lead to significantly altered 

results (not shown).  However, the violence of the thermocapillarity-actuated liquid 

displacement for large laser intensities was reduced, since as steep temperature gradients at 

the transition zone (heated/non-heated liquid) as observed with a flat profile do not develop. 

To study the influence of the substrate thermal diffusivity on the thermocapillary flow, 

simulations were carried out using polyamid, glass and copper (listed in order of increasing 

thermal diffusivity) as substrate material.  The dimensionless beam diameter is in all cases 

.  No influence of the substrate material could be observed for high laser intensity 0 98.∅ =
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( 0 8LHP .= , ).  The fluid mechanics are too fast for this case with respect to the 

(relatively slow) heat diffusion in the substrate plays a role.  However, lowering the laser heat 

intensity (

absâ →∞

0 1LHP .= , 4 0absa = . ) reveals an influence for long times: Figure 6.6 shows the 

droplet cross sectional shape for the three substrate configurations at dimensionless time 

2 7lsr .τ = .  Although the overall temperature range is reduced for increasing thermal substrate 

diffusivity, no significant influence on the cross-sectional shape can be observed.  

Nevertheless, the spreading in case of copper (case c) is slightly reduced compared to the 

other materials.  This can be readily explained with the elevated substrate temperature at the 

contact line for this case, reducing in turn the thermocapillary flow to this region. 
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Figure 6.6 Fluid temperature (left) and smallest interparticle distance (right) for different 
thermal substrate diffusivities at laser diameter 0 98.∅ = , laser intensity 

0 1LHP .= ,  at time instant 4 0absâ = . 2 7lsr .τ = ; a) olyamide, b) glass, c) 
copper. 

 

Figure 6.7 plots the free surface temperatures for the same cases as in Figure 6.6 at the time 

instant 2 7lsr .τ =  in vicinity of the contact line.  Increasing the substrate thermal diffusivity 

decreases the temperature gradient at the free surface.  The case with copper exhibits a 

slightly negative temperature gradient at the contact line with respect to the arc length 

coordinate, contrary to the cases employing polyamide or glass.  This gradient hinders 

Marangoni-induced spreading, according to the above discussion. 
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Figure 6.7 Free surface temperature polyamide, glass and copper at time 2 7lsr .τ = .  Beam 
diameter , absorption coefficient 0 98.∅ = 4 0absâ .= . 

 

6.4. Particle coagulation model 

 

The particles in nanofluids are usually sterically or electrically stabilized to prevent 

coagulations under regular conditions, [13].  In case of gold nanoparticles, monolayers of 

thiol-compounds adsorbed to the particle surface are commonly employed as steric stabilizers.  

These monolayers collapse reversibly above a critical temperature range of , 

dependent on the specific compound, which allows for the temperature-controlled start of 

particle coagulation. 

60 160C C° − °

The most straight forward approach to model particle interaction is to replace the 

particle diffusion terms in equation (5.7) with the sum over all two-body van-der-Waals 

(vdW) forces acting on the respective particle.  This approach has several short-comings: first, 

it is not sufficient to simulate only a representative number of particles, i.e. all particles in an 

axisymmetric plane have to be accounted for.  This would be about  particles in the 

current case, whereby the computational time for the vdW-force calculation scales with the 

square of this number.  Moreover, the accuracy in time and space would have to be drastically 

increased to resolve the change of the numerically “stiff” vdW-force and to locate the 

particles unambiguously in the liquid.  Additionally, realistic values for the vdW-coefficients 

are difficult to estimate, especially since the effect of the stabilizing monolayer (in realistic 

63 3 10. ⋅
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applications) is not quantitatively known.  Instead of this approach, a continuous particle 

coagulation model suggested by [14] with a locally monodispersed particle distribution is 

employed herein.  The evolution of the dimensionless particle number concentration N  is 

 21
2p pD N Nτ εβ= −  (6.3)

Where ε  is the collision efficiency, which increases from zero to unity as soon as the particle 

temperature exceeds the critical temperature , above which the stabilizing monolayer 

fully collapses.  This temperature is not explicitly known for the nano-ink at hand and known 

to be smeared out in technical applications.  To obtain first qualitative results within the 

framework of this study and to consider the effects of moderately but longer lasting elevated 

particle temperatures, the collision efficiency was empirically set to be dependent on the 

particle temperature history.  The collision efficiency in the simulation starts to increase at 

 and the monolayer starts to recover at 52 . 

crit ,MLT

65 C° °

The collision kernel β  in equation (6.3) is the sum of Brownian (perikinetic) and 

shear-induced (orthokinetic) coagulation: 

 Brow n shearβ β β= +  (6.4)

The Brownian collision for the continuum to the free molecular regime is, [15], 
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with the diffusion coefficient according to the classical Stokes-Einstein relation, [16]: 
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The correction for kinetics effects KnC  defined in [14] approaches unity in this application.  

The collision radius collr , the dimensionless mean thermal speed bc  and transition parameter 

g  read: 
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b

D
l
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fD  is the fractal dimension and is set to 1.8 as commonly assumed.  pa  and pv  are the 

current particle surface area and particle volume. 

The shear-induced coagulation kernel in equation (6.4) is defined as in [17]: 
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The local dimensionless shear γ  is taken from the fluid dynamic simulation. 

The particle surface area and particle volume evolve in time according to: 
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= −  (6.11)

 1
2p pD v N vτ εβ= p  

(6.12)

The second term on the right of equation (6.11) allows for considering sintering effects, with 

psτ  as sinter time.  The expressions for psτ  available from the open literature are however 

highly empirically and of questionable validity within the liquid environment at hand.  

Sintering is therefore completely neglected here and the fluid drag of the particles is assumed 

to be unaffected by the coagulation process.  The temperature difference between the particle 

and the liquid is very small without sintering, since the heat transfer coefficient is very large 

for ultrafine particles and no surface melting effects as analyzed in [18] have to be considered.  

The particle temperature equals therefore the local fluid temperature in this study, whereby 

the laser heat source is still in the liquid phase.  The set of equations (6.3) - (6.12) is solved on 

the current locations of the discrete particle model previously described. 

 

6.5. Results of combined fluid/discrete particle/coagulation model 
 

Figure 6.8 shows the particle temperature (right) and the relative particle number 

concentration (left) for three successive times for the laser intensity 0 8LHP .= , laser 

diameter  and light absorption directly at the interface ( ).  The relative 

particle number concentration is the number concentration as computed with equation (6.3) 

divided by its initial value.  The localized heating at the free surface leads, besides the strong 

thermocapillarity-induced liquid displacement, to a particle coagulation primarily at the free 

0 98.∅ = absâ →∞
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surface of the droplet center region for times beyond 0 2lsr .τ = .  Liquid and uncoagulated 

particles are enclosed underneath this thin particle layer, which is suspected to rapidly rupture 

after further heating, similar to the destructive crust fractures described in [19].  This effect 

can be markedly reduced if smaller absorption coefficients are employed, e.g. through usage 

of a different laser wavelength. 

Figure 6.9 shows, for the same laser intensity and laser diameter as used in Figure 6.8, 

but for a smaller absorption coefficient ( 2 0absâ .= ) the particle temperature (right) and the 

relative particle number concentration (left) for several times after the start of the laser 

irradiation. 

Particle temperature (right):
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Figure 6.8 Contours of particle temperature (right) and relative particle number 
concentration distribution (left), 0 8LHP .= , 0 98.∅ = , ; a) absâ →∞

0 01lsr .τ = , b) 0 2lsr .τ = , c) 0 4lsr .τ = . 
 

As in the case shown in Figure 6.8 , coagulation starts beyond 0 2lsr .τ =  but now with a more 

uniform particle number concentration in Z-direction as before.  At time 1 0lsr .τ = , all 

particles under laser irradiation have started to coagulate, ultimately leading to an improved 

structure quality (as for example in the case of an electrical conductor). 

Figure 6.8 and Figure 6.9 illustrate in addition (besides the particle coagulation 

behavior) that the specific combination of laser beam diameter, intensity and absorption depth 

leads to a sombrero-kind of cross-sectional shape.  [20] observed a similar cross section but 

traced the elevated core region back to violent re-melting and –solidification effects of the 

substrate material (glass).  The numerical simulations at hand suggest fluid mechanics alone 

can lead to a similar result, though caused by completely different mechanism.  The 
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combination of a large laser diameter and intensity with an absorption right at the interface 

(Figure 6.8) leads to a strongly enhanced but uniform evaporating mass flux in this region.  

The initial spherical shape is maintained during evaporation, only the radius is quickly 

reduced.  In addition, the large temperature gradient in the transition zone between 

penetrated/non-penetrated liquid induces thermocapillary flow, favouring mass accumulation 

at the contact line.  These two superposed effects lead to the cross-sectional shape seen purely 

by means of thermo-activated fluid mechanics. 

Particle temperature (right):
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Figure 6.9 Contours of particle temperature (right) and relative particle number 
concentration distribution (left), 0 8LHP .= , 0 98.∅ = , ; a) 2 0absâ .= 0 01lsr .τ = , 
b) 0 2lsr .τ = , c) 0 4lsr .τ = , d) 0 6lsr .τ = , e) 0 8lsr .τ = , f) 1 0lsr .τ = . 

 

6.6. Conclusions 
 

The present work investigated the fluid and particle motion in a volatile colloidal dispersion 

droplet initially at rest on a flat substrate and locally heated by a laser beam.  The laser 

diameter, laser intensity and the absorption coefficient of the nanoparticle suspension were 

varied and their effect studied.  The localized heating drives, for cases where the laser 
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diameter is smaller than the initial droplet diameter, to a thermocapillarity-induced 

displacement of liquid from the droplet core region radially outwards, leaving a pronounced 

dimple in the center region.  The (slight) further enhancement of the droplet foot print is 

Young-force-driven for these cases.  Larger laser diameters still displace the fluid but enhance 

substantially the droplet spreading through Marangoni flow directly at the contact line.  This 

flattens the dimple in the cross-sectional area.  The Marangoni-induced spreading can be 

reduced by increasing the contact resistance to the solid surface or using substrates of large 

thermal diffusivity, since in both cases the temperature gradients along the free surface is 

decreased in vicinity of the contact line.  The formation of the valley in the droplet core 

region can be prohibited if the laser diameter is of similar size or larger than the initial droplet 

foot print.  Higher laser intensities and larger absorption coefficients increase the strength of 

the displacement process, ultimately leading to the formation of an azimuthally unstable 

liquid torus.  A particle coagulation model ([14]) was employed to estimate the particle 

clustering during heating.  Combinations of laser wavelength/particle with a large absorption 

coefficient lead to particle coagulation primarily at the free surface, capturing the liquid 

underneath.  It is argued that this process could lead to violent crust rupture during further 

heating.  On the contrary, a small absorption coefficient yields a more uniform particle 

coagulation in axial direction.  It is therefore recommended to use an absorption length of the 

laser wavelength/particle combination of the order of the spherical cap (respectively thin film) 

height. 
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7. Conclusions and outlook 
 

This thesis investigated by means of numerical simulation free surface micro flows induced 

by the thermal modulation of the surface tension and relevant to technical applications such as 

solder drop deposition in the flip-chip manufacturing, thermocapillary bridges and the curing 

of nanoparticle suspension inks in the manufacturing of electrical conducting structures.  

Fluid motion bounded by a free surface and phase-change phenomena were taken into account 

as well as wetting effects at the moving three-phase contact line.  The suspended particles 

were either treated in a discrete, inertia-controlled fashion or in a locally monodispersed 

continuum approach to capture particle coagulation. 

In case of the solder drop deposition, the thermal Marangoni effect (thermocapillarity) 

was shown to reduce the droplet spreading for sufficiently high initial droplet temperatures 

due to a reduced positive vorticity at the contact line.  The reduction in spreading led by 

means of mass conservation to an increased droplet height upon solidification, which might 

be important to consider in the further miniaturization of flip-chips. 

 Thermocapillarity was experimentally and numerically shown to lead to a mass 

transport from the lower heated to the upper colder plate in a capillary bridge configuration.  

It was experimentally shown that the temporal behavior of the bridge can be tuned if 

hydrophilic/hydrophopic substrate combinations were used.  In addition it was demonstrated 

that the interface of a two-component emulsion liquid allocates in the neck of the capillary 

bridge, which shifts its location upon heating.  This effect could be applied in a thermally 

modulated light-frequency-dependent optical switch. 

 Experimental and numerical investigations documented the spreading and wetting 

behavior of a nanoparticle suspension liquid in comparison to the plain liquid.  Different 

models to capture the dynamics at the contact line in the framework of a continuum approach 

were studied and verified with experiments conducted with a flashlight microscopy or with a 

high-speed camera. 

Numerical studies on the inertia-controlled nanoparticle motion in a suspension liquid 

when deposited on a flat substrate suggested a pre-structuring of the particles in a wall-near 

zone, which might act as a porous media to enhance the evaporation in the drying of colloidal 

suspension droplets and the particle accumulation at the droplet edge.  Particle inertia should 

therefore be reduced as much as possible to maintain a uniform particle distribution during 

drying. 
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 Finally, the laser-heat induced liquid displacement and particle motion in deposited 

nanoink droplets were studied.  Local heating of the droplet center region leads to 

thermocapillarity induced liquid displacement radially outwards, in agreement with 

experiments and causing the formation of bowl-shaped coagulated particle structures.  This 

displacement can be prevented for laser beam diameters larger than the initial droplet foot 

print diameter and large contact resistances to the substrate.  The coagulation model employed 

predicted coagulation primarily in vicinity of the free surface for a large laser light absorption 

coefficient, hindering liquid underneath to evaporate.  It was shown that a smaller absorption 

coefficient (i.e. larger absorption length in the order of the droplet or film height) is beneficial 

for the uniformity of the coagulation degree.  It is argued that this measure ultimately leads to 

an improved structure quality. 

 Besides these scientific results, several technical and numerical issues were resolved.  

Among those, the implementation of a public domain meshing routine in the fluid solver 

instead of the previously utilized commercial meshing program was the most extensive one.  

It improved the portability of the program with respect to different computational platforms, 

the local mesh resolution and the computational time.  Further comments on the meshing 

technique employed are made in appendix A. 

 It is suggested that future research work should start with an accurate rheological 

classification of the nanoink at hand.  The results can be fed back to the fluid solver to provide 

more accurate simulation results.  The numerical results on inertia-actuated particle pre-

structuring should be completed with suitable experimental validation, along with the study of 

substrate temperature variations.  The work on the coagulation model has to be extended; 

special attention should be given to the accuracy and experimental validation of the collision 

kernels used.  A first step, outlined in appendix B, is the statement, whether coagulation takes 

place primarily in the gas or the liquid phase of the medium surrounding the particles.  

Numerical studies should be performed to investigate the influence of the third (vapor herein) 

phase surrounding the ink.  Preliminary experiments suggested that reduced line widths can 

be achieved through dewetting effects in ink/water emulsions.  However, the physics are not 

well understood yet and the parametric range within which this phenomenon occurs has to be 

characterized as well. 
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Appendix A. Adaptive and successive remeshing with Mesh2D 
 

A.1. Introduction 
 

Partial differential equations of the form (2.16) – (2.18) (extended Navier-Stokes equations) 

for a set of certain unknowns  are commonly solved only for certain discrete points 

(‘nodes’) in an approximate fashion.  The spatial discretization is usually provided by a mesh, 

where the discrete points are always surrounded by the same neighbor nodes.  Although 

mesh-free methods such as Smooth Particle Hydrodynamics (SPH), [1], or Vortex Particle 

Methods, [2], have the advantage to be applicable to flows with large distortions and complex 

geometries, there are not very popular in the engineering community yet.  Structured and 

unstructured meshes can be distinguished.  Structured grids exhibit a fixed correlation 

between node index and spatial coordinate, whereas unstructured grids do not.  For the latter, 

a connectivity matrix is required to relate the index to the spatial coordinate, increasing the 

demand for computational storage resources.  However, unstructured grids can be applied to 

problems of arbitraries geometries without using a coordinate transformation to map the 

physical space to the computational space, as used for structured grids applied to complex 

geometries. 

iU

 The microfluidic problems treated in the previous chapters all contain a free surface, 

which deforms severely in time in an irregular manner.  For this reason unstructured grids 

using triangular elements were utilized herein to provide the discrete spatial points.  The two 

most prominent triangulation methods are the Delaunay method (DY) and the Advancing 

Front method (AF).  Both methods require interpolation points of the boundary line as an 

input.  In the DY method, the domain is initially covered with points, where the point spacing 

defines the final grid density.  The requirement of certain triangle properties defines the kind 

of the triangulation method.  The empty circumcircle property of the Bowyer/Watson 

algorithm is the most well known one: three points build a triangular element, if a circle 

containing these three points on its line does not contain any further grid points in the interior, 

Figure A.1 a).  An AF method uses the boundary as the starting line.  A particular edge of this 

line is selected and a new triangular element is created by connecting the two edge nodes 

either with a newly created node in the interior of the domain or with an existing node on the 

line.  Removing the edges not directly facing the interior from the available node list advances 
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the front, Figure A.1 b).  DY methods are more efficient than AF methods, but they cannot 

guarantee the boundary integrity, as ensured with the AF method, [3]. 

 

a) 

Boundary

Domain  

b) 

Domain

Boundary

 
 

Figure A.1 a) Sketch of Delauney method 
b) Sketch of Advancing Front method 

 

The governing Navier-Stokes equations described in chapter 2 were formulated in Lagrangian 

coordinates to track the free surface accurately without relying on re-constructing methods 

such as used in the Volume-of-Fluid (VoF) method.  Thus the mesh nodes move with the 

local fluid velocity and the elements distort as a consequence.  A successive remeshing is 

required to maintain the numerical accuracy, followed by a mapping of the flow parameter 

from the old to the new grid.  The current boundary line is forwarded to the meshing routine 

as the initial step of the remeshing procedure.  A serious violation of mass conservation would 

occur, if the boundary line were not fully conserved during each remeshing, since each 

simulation invokes usually hundreds of these events.  The Delauney method is thus not 

appropriate in this work.  Instead, the public domain AF meshing routine Mesh2D is 

incorporated in the fluid solver to provide the mesh. 

 The placement of new nodes in the interior of the domain in the AF method is defined 

by a search radius .  This search radius is for a uniform mesh related to the desired mesh 

density  simply through .  However, for an adaptive mesh a background field can be 

defined with a locally varying field function 

h

s h s=

α .  One can show for elliptic and hyperbolic 

equations, [4], that the overall numerical error is minimized for equal distribution, i.e. in one 

dimension: 

 2 2
Xh constα∂ =  (A.1)

The second derivatives in two dimensions involve a tensor-type notation, 
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, in which the derivatives are in analogy to the stresses in solid mechanics.  In some cases it is 

more useful to use first derivatives only, ij i jσ α α= ∂ ⋅∂ .  Following equation (A.1), grid 

spacing is computed with the eigenvalues of equation (A.2) to equally distribute the “stress”, 

[5]: 

 2 2 2
1 1 2 2 min maxh h cons tλ λ δ λ= = = 1 2 maxh ,h,     (A.3)δ<

minδ  and maxδ  are user defined.  Element stretching is quantified with the stretching parameter: 

 1

2

s
λ
λ

=  (A.4)

The adaptive meshing routine was applied to the problems outlined in chapter 4, 5 and 6.  The 

local fluid kinetic energy was used as meshing scalar α . 

 

A.2. Test of adaptivity 
 

The adaptive capabilities of Mesh2D were tested before the routine was invoked into the main 

fluid solver.  For this purpose an artificial sinusoidal pressure wave, 

 0 2* * wave

p

x u tp p sin π
λ

⎛ ⎞−
= ⎜ ⎟⎜ ⎟

⎝ ⎠
 (A.5)

, was considered to travel in a tube.  0
*p  is an arbitrary constant, x  is the coordinate normal to 

the wave front,  is the wave velocity and t  is the time.  Simple wave dispersion of the 

wave length 

waveu

pλ  was accounted for with, 
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λ τ
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λ τ
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 (A.6)

dspτ  is the dispersion time.  The time  is chosen that the switch between wave rarefaction 

and wave compression occurs at two thirds of the tube length.  The pressure value was used as 

a meshing scalar to adapt the grid, 

0t

*pα ≡ .  Figure A.2 shows the scalar α  as a contour plot 

(upper images) and the corresponding mesh (lower images) for various time instances, while 

the pressure wave travels through the tube.  The mesh is locally refined as demanded in areas  
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Figure A.2 Contour plots of scalar α (upper images, red: 1α = , green: 0α = , blue: 
1α = − ) and adapted mesh (lower images) for various time instances. 
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or high scalar gradients with good element quality, which proves the applicability of Mesh2D 

to generate adapted grids. 

A.3. Test of complex boundaries 
 

Since the microfluidic systems under investigation exhibit an arbitrary surface line, the 

capability of the meshing routine to grid these domains with ensuring the integrity of the 

surface line is essential.  Images of a developing drop available in the literature, Figure A.3 a) 

[6], were used to test Mesh2D for the arbitrary boundary aspect.  The boundary of each image 

was numerically extracted for each time instant, Figure A.3 b), and fed to the meshing routine.  

An artificial pressure wave described in section A.2 was superimposed and used as the field 

function α . 

 

a) 

 

b) 

 
 

Figure A.3 a) Developing droplet.  Taken from [6] 
b) Numerically extracted droplet boundary 

 

The result of the meshing procedure for each droplet stage next to the original droplet image 

is presented in Figure A.4.  Mesh2D approximates the domain boundary well, also in difficult 

areas of beginning satellite drop snap-off (e).  The droplet detached between figure e) and f) 

and was not treated with the meshing routine in images f)-l). 

 

A.4. Additional mesh refinement 
 

It was necessary in the droplet-on-substrate-studies to permanently refine the grid at the 

contact line, since the accuracy in the spreading prediction is directly related to the edge  
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a) 

 

b) 

 
c) 

 

d) 

 
e) 

 

f) 

 
g) 

 

h) 

 
i) 

 

j) 

 
k) 

 

l) 

 
 

Figure A.4 Droplet stages in time; original images (left) and as represented by the adapted 
mesh (right). 
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length of the elements in vicinity of the contact line.  The easiest approach is to artificially 

modify the scalar α  in areas, where a high refinement is needed.  However, it was seen that 

this method does not reliably refine the grid in the specified area.  The most straight forward 

method is to directly influence the local value of the search radius  defined in section A.1.  

This results in the most robust algorithm and in the best (refined) element quality, Figure A.5.  

Disadvantageous is that it requires the modification of the meshing routines, which were only 

limited documented. 

h

 
 

Figure A.5 Refined mesh at the contact line through manipulation of the search radius . h

 

It was therefore at first attempted to obtain a refined grid in the contact line without 

interfering with the Mesh2D-routines.  One option is to first enlarge the contact line area of 

the old mesh, Figure A.6 b), forward the boundary line of this enlarged domain to Mesh2D 

and back-transform the new grid (c) to the old boundary line (d).  The refined mesh is then 

attached to the substrate mesh (e).  It was seen that the method conserves the boundary line 

quite accurately.  However, the elements in the transition zone become distorted, which 

increases the number of remeshings significantly, Figure A.6 f).  For this reason, the direct 

manipulation of the search radius  was used to refine the grid locally independent of the 

meshing scalar 

h

α  in the applications presented in the previous chapters.  This method was 

also applied to the free surface to minimize the mass error during remeshing. 

 

A.5. Oscillating argon droplet 
 

The pre-tests of the Mesh2D program described in section A.2 and A.3 ensured that the 

meshing routine is capable to provide locally refined grids with good element quality of 

domains with arbitrary boundaries.  It was therefore incorporated in the main FEM fluid  
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a) 

 

b) 

 
c) 

 

d) 

 
e) 

 

f) 

 
 

Figure A.6 Refinement procedure without interfering with meshing routine 
a) Original mesh 
b) Original mesh after enlargement 
c) New mesh 
d) New mesh after back-transformation to old boundary line 
e) Transformed mesh attached to substrate mesh 
f) Enlarged contact area of final grid 

 

solver.  A first application was the isothermal oscillation of a single liquid argon drop at 

 with initial spherical diameter of 108K 0 2d mm= .  As a starting condition, the fluid nodes 

were imposed an initial axial velocity of 

 ( ) ( )0 02V Z Z Z / d= − 0  (A.7)

0Z  is the axial position of the horizontal axis of symmetry.  The dimensionless velocity V  is 

defined as in equation (2.8) with v .

0

0 0 5m / s= .  This results in a Reynolds number of 
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847Re = .  Equation (A.7) leads to an axial compression of the droplet, starting a successive 

damped oscillation.  Figure A.7 shows the temporal evolution of the axial droplet top center 

location related to the initial diameter .  The dimensionless time 0d τ  is defined as in equation 

(2.9). 

 
Ar-Droplet Oscillation; Re = 847
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Figure A.7 Oscillation of argon drop. 

 

 

A.6. Coalescing solder droplets 
 

The second preliminary study using the FEM fluid solver with the modified Mesh2D meshing 

routines investigates the isothermal coalescence of two eutectic solder drops upon contact at 

500 Cϑ = ° .  Each droplet is initially spherical with a diameter of 0 80d mµ= .  The Weber 

number is approximately  with a characteristic velocity of 3 3We .= 0 1 5v . m / s=  (order of 

magnitude as seen from simulation).  Figure A.8 depicts the temporal evolution of the 

coalescence process for some exemplary time instances.  The left hand side of each image 

depicts contours of the axial velocity, whereas the current mesh is shown on the right hand 

side.  The asymmetry with respect to the horizontal is caused by a slightly uneven element 

distribution in the contact area during the initial neck formation.  It can be seen that the neck 

growth is ten times faster than the oscillatory motion beyond 0 4.τ = .  The merging stages are 

in qualitative agreement with the simulation results of two joining liquid droplets ( , 

) discussed in [7]. 

30Re =

50W e =
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a) 
0 0.τ =  

 

 

b) 
0 1.τ =  

 

 
c) 

0 3.τ =  
 

 

d) 
0 8.τ =  

 
e) 

4 0.τ =  

 

f) 
7 5.τ =  

 
g) 

11 5.τ =  

 

h) 
18 5.τ =  

 
 

Figure A.8 Coalescence process of two solder droplets upon contact. 
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Appendix B. Vapor bubble evolution surrounding a heated nanoparticle 
 

B.1. Model description 
 

In chapter 6 it was verbosely assumed that the motion, heating and coagulation of the particles 

occur thoroughly in the liquid phase.  However, a nano-particle heated above the boiling point 

of the surrounding liquid poses a void to initiate heterogeneous nucleation.  This leads to the 

development of a vapor bubble around the particle, which grows or collapses depending on 

the degree of superheating.  The following thermodynamic analysis of the temporal evolution 

of a vapor bubble surrounding a nano-sized particle is an extension of existing vapor bubble 

models and describes the dynamics of the evaporation process for this specific application.  

An important read-out of the simulation is the time  for which the vapor bubbles of two 

neighboring nanoparticles meet.  Considering the average interparticle distance for a 

volumetric particle concentration of 

ct

0 015c .=  and a particle diameter of , one can 

show that 

10pd n= m

 ( ) 1 134ct .φ = ,     ( )b pd t / dφ = (B.1)

where  is the time dependent bubble diameter and bd φ  is the bubble parameter.  Comparing 

 with the characteristic times for coagulation and sintering will make a judgment whether 

the latter two processes take place in the gas or the liquid phase. 

ct

 The interface velocity  (the dot indicates derivation towards time) must satisfy: bd

 ( ) 1
2b

l bv ,d
m w dρ ρ′′ + =  (B.2)

ρ  is the density and w  the velocity of the gas phase (subscript v ),  is the area specific 

evaporative mass flux.  The continuum equation at the interface dictates: 

m′′

 ( ) ( )
b bv ,d l ,d

w wρ ρ=  (B.3)

The subscript  indicates the liquid phase.  Therefore: l

 
1
2 bl b l ,dm d wρ ⎛ ⎞′′ = −⎜ ⎟

⎝ ⎠
 (B.4)

According to the kinetic theory of gases, the evaporating area-specific mass flux is: 

 ( ) 2sat v ,b v satm p p / R Tπ′′ = −  (B.5)
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satp  is the temperature dependent saturation pressure at the interface, v,bp  is the vapor 

pressure inside the bubble, vR  is the specific gas constant of the vapor and satT  is the 

saturation temperature.  Combination of equations (B.4) and (B.5) leads to 

 ( )2 2
bb l ,d sat v ,b l v satd w p p / R Tρ π⎡ ⎤= + −⎣ ⎦  (B.6)

The radial liquid velocity at the interface, 
bl ,dw w≡ , has to satisfy the one dimensional 

momentum equation (extended or modified Rayleigh equation, see [1]): 

 ( )2 23 16
b

l
b l

l b l

wd w w p p
d ,d l ,

η
ρ ρ ∞+ + = −  (B.7)

lη  is the liquid dynamic viscosity, l ,p ∞  is the liquid pressure far away from the bubble and 

bl ,dp  is the liquid pressure right at the vapor-liquid interface.  A momentum balance (i.e. 

Laplace’s equation) at the interface provides for the latter: 

 ( )24
bl ,d v ,L v

b

p p m
d

/ ρΓ ′′= − +  (B.8)

v ,L satp p=  is the (saturated) layer pressure.  The momentum of the evaporating mass is 

assumed to be negligible small and the last term in equation (B.3) is dropped in the following.  

 is the surface tension of the interface, which is empirically expressed in this work with Γ

 ( ) ( )1lv lp lv expγ γ γ κ φΓ = + − − −⎡ ⎤⎣ ⎦  (B.9)

lpγ  is the liquid-vapor and lpγ  is the liquid-particle interfacial tension.  The exponential term 

accounts for the presence of the particle with κ  as an empirical constant quantifying the 

particle interaction range.  The vapor pressure inside the bubble is just 

 v ,b v ,b v v ,bp R Tρ=  (B.10)

To solve for the bubble growth rate and bubble diameter, the relevant saturation temperature, 

satT , and the corresponding saturation pressure, ( )sat satp f T= , has to be expressed, along 

with the temperature inside the bubble, .  In the present application, the driving force for 

the bubble growth is the heating of the nanoparticle.  The energy equation of the spherical 

nanoparticle is (disregarding phase change or expansion): 

v ,bT

 2

1
6

'' loss
p p p p o

p

Qc d T I
d

ρ
π

= −  (B.11)

The first term on the left (LHS) is the change of the thermal internal energy with particle 

density pρ , particle heat capacity  and particle temperature .  The first term on the right pc pT
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hand side (RHS) is the source term due to laser irradiation with an area specific heat flux 0
''I .  

The second term on the RHS is the heat loss to the liquid, respectively to the vapor phase once 

it is formed.  This heat loss can be expressed with 

 ( ) ( )4 4
2

loss
B p v / l conv ,v / l p v / l

p

Q T T T T
d

σ α
π

= − + −  (B.12)

where the first term on the RHS is the loss due to thermal radiation and the second is the loss 

due to convection.  Bσ  is the Stefan-Boltzmann-constant ( ) and the 

subscripts v  and  denote the vapor and the liquid phase respectively.  

8 25 67 10B . W / mσ −= ⋅ 4K

l conv ,v / lα  is the relevant 

heat transfer coefficient. 

 In this work it is assumed that absorption of thermal radiation coming from the 

particle, superheating and evaporation take place in a moving liquid layer of thickness Lδ .  

The first law for such a layer reads according to Figure B.1: 

 ( ) ( )
2

2 2 2
21

L
loss ,pLL

l l L t l r l v l
b b

Q
c T d T m h h

d d
δρ δ φ φ λ φ

π
⎛ ⎞

′′+ Γ = + ∂ + − −⎜ ⎟
⎝ ⎠

 (B.13)

lc  is the heat capacity of the liquid and  is the temperature in the layer providing the 

relevant saturation temperature 

LT

satT .  lλ  is the thermal conductivity of the liquid and  is the 

absolute temperature of the liquid.  The first term on the LHS captures the change of thermal 

internal energy inside the layer control volume, whereas the second denotes the change of 

interfacial energy.  The first term on the RHS captures the heat transport by conduction from 

the liquid, which will be neglected in the following.   is the heat input through radiation 

from the nanoparticle and the last term describes the thermal internal energy entering or 

leaving the control volume with the respective volumetric work required.  This is summarized 

by the expression of the mass specific enthalpy 

lT

loss ,pLQ

h u p ρ= +  for the vapor (subscript ) or the 

liquid (subscript l ) phase.  The corresponding term in equation (B.13) can be expressed with 

the latent heat of evaporation .  The thin layer is assumed to contain a constant amount of 

mass, which suggests: 

v

lvh

 0
2

L
L δδ

φ
=  (B.14)

0
Lδ  is the initial layer thickness, which is related to the absorption properties of the liquid for 

thermal radiation.  With this, equation (B.13) changes to: 
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 ( )2 2
0 2

loss ,pLL
l l sat t lv

b

Q
c T d m h

d
ρ δ φ

π
′′+ Γ = − φ  (B.15)
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lossQ r lTλ ⋅∂

satT

0satT

T

v,bT

 
 

Figure B.1 Nanoparticle, vapor bubble and travelling evaporation layer 

 

The energy balance for the bubble reads: 

 ( )t loss ,pb v v v ,b bb
d mu Q m h p V= + −  (B.16)

The LHS term is the change of internal vapor energy inside the bubble.  The first term on the 

RHS is the heat loss coming from the particle; the second term is the addition of internal 

energy due to the evaporative mass flux and the corresponding volumetric work.  The last 

RHS term is the volumetric expansion work of the bubble.  With 

 ( ) ( ) ( )2 2 p v ,b
v v b p v sat v ,b

v ,b

p
m h u m d c T Tπ φ

ρ
⎡ ⎤

′′− ≈ − +⎢ ⎥
⎣ ⎦

 (B.17)

and 

 ( )3 3 1
6b v ,b pm dπρ φ= −  (B.18)

it follows 

 

( ) ( )
( ) ( )

3

2 2
2

1

6 3

v
v ,b v v ,b

loss ,pb p v ,b
v sat v ,b v ,b

p b v ,b

c T

Q p
m c T T p

d d

ρ φ

φ φ φ
π ρ

− =

⎧ ⎫⎡ ⎤⎪ ⎪′′+ − + −⎨ ⎬⎢ ⎥
⎪ ⎪⎣ ⎦⎩ ⎭

 (B.19)

( )v
vc  and ( )p

vc  are the vapor heat capacities at constant volume and constant pressure, 

respectively. 
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The following dimensionless time, 

 0

p

vt
d

τ =  (B.20)

the already introduced bubble parameter, 

 b

p

d
d

φ =  (B.21)

dimensionless temperature, 

 
0sat

T
T

Θ =  (B.22)

dimensionless pressure, 

 2
0l

p
vρ

Π =  (B.23)

dimensionless radial velocity 

 
0

bl ,dw
W

v
=  (B.24)

dimensionless laser intensity, 

 ( )
0

0 1 0 2 0

''

l l , ,

ILHP
c v T Tρ

=
−

 (B.25)

are introduced.   is herein a characteristic velocity and 0v 0satT  is a reference saturation 

temperature (here the boiling point at 1 bar).  Furthermore the following definitions for the 

Reynolds, Prandtl, Nusselt and Weber number are used: 

 0l p
p

l

v d
Re

ρ
η

=  (B.26)

 l l
p

l

cPr η
λ

=  
(B.27)

 conv p
p

l

d
Nu

α
λ

=  
(B.28)

 2
0l p

p
lv

v d
We

ρ
γ

=  
(B.29)

Equations (B.5) - (B.12), (B.15) and (B.19) change with this to: 

 ( ) 0 0
0

2sat v ,b v sat sat
l

m v / R T
v

π
ρ
′′
= Π −Π Θ  (B.30)
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 0
2
0

v ,b v sat
v ,b v ,b

l

R T
v

ρ
ρ

Π = Θ  (B.31)

 

 
0l

mW
v

φ
ρ
′′

= +  (B.32)

 

 ( )
2

2

162 3
bl ,d l ,

W WW
Reφ φ∞= Π −Π − −  (B.33)

 

 
4 1

bl ,d sat
lvWe γ φ
Γ

Π = Π −  (B.34)

 

 1 0 2 0

0

6 , ,l l
p l

p p sat

T Tc LHP Q
c T

ρ
ρ

⎡ −
Θ = −⎢ ⎥

⎣ ⎦
oss

⎤
 (B.35)

 

 
( ) ( )

2
0 0

3
4 4

0

loss
loss

l l sat p

pB sat
p v / l p l

l l p

QQ
c v T d

NuT
c v Re Pr

ρ π

σ
ρ

= =

Θ −Θ + Θ −Θ

 (B.36)

 

 
2

20 0

0 0 0 0 0

1 2p lv lv
sat loss ,pLL

l sat l lv l sat lv

d h h vmQ
c T v h c T We

φ φφ
δ ρ γ

⎧ ⎫⎛ ⎞′′ Γ⎪ ⎪Θ = − − +⎨ ⎬⎜ ⎟
⎪ ⎪⎝ ⎠⎩ ⎭

 (B.37)

 

 
( )

( )

( )

3

2
2 20

0 0 0

6
1

1
2

l l
v ,b v

v ,b v

p
v l

loss ,pb sat v ,b v ,b
l l l sat l v ,b

c
c

c vm mQ
v c c T v

ρ
ρ φ

ρφ φ φ
ρ ρ

Θ = ×
−

⎡ ⎤⎛′′ ′′
+ Θ −Θ + Π −⎢ ⎥⎜ ⎟

⎢ ⎥⎝ ⎠⎣ ⎦ρ
⎞

 (B.38)

The latter equation is valid for φ  sufficiently larger than unity.  For this case the vapor 

density inside the bubble is computed with: 

 2
3

00

6
1

v ,b

l l

m d
v

τρ
φ τ

ρ φ ρ
′′

=
− ∫  (B.39)
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For the initial stages ( 1φ ≈ ) it is  and v ,b satΘ ≈ Θ v ,b satρ ρ= .  The saturation pressure, density 

and latent heat (
0

sat lv )sat sat
l lv

h, , f
h

ρ
ρ

Π = Θ  at the current saturation temperature satΘ  are taken 

for toluene from [2]. 
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